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Frequency Response Analysis for Homogeneous Systems
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Abstract: In this paper, we reveal a novel characteristic in frequency analysis for homogeneous systems. Firstly, we
show that every homogeneous control system with a sinusoidal input has an equivalent homogeneous closed-loop system.
Particularly, every solution of a homogeneous system for an arbitrary amplitude sinusoidal input can be calculated from
the solution under the sinusoidal input with amplitude one. Moreover, the Bode gain plot is mathematically valid for any
homogeneous system. Finally, we confirm the effectiveness of the frequency analysis by computer simulation.
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1. INTRODUCTION class KL, if for fixed ¢, 8(r, t) is class K, and for fixed r,
that is decreasing and lim;_, . o, 5(r,t) = 0.

While a few frameworks regarding homogeneous sys-
tems have been proposed, we consider r-homogeneous
systems in this study; the section introduces definitions
and basic properties of r-homogeneous systems.

Homogeneous systems, one of the canonical systems
of nonlinear control systems, have attracted attention in
recent decades; the most significant characteristic of ho-
mogeneous systems is the continuous finite-time control
[1][2]. In actual experiments, local homogeneous control

exhibits superior performance [3]. Definition 1 (Dilation). Consider x € R™ and dilation

For actual systems, responses to sinusoidal waves are exponent v = [7“1, A n] € RY,. Mapping AL(z) de-
indispensable [5][6]. In particular, homogeneous filters fined by the following equation is said to be a homoge-
have been attracting attention recently [7][8]. neous dilation depending on € > 0:

However, responses of homogeneous systems to sinu-
soidal waves were examined only by numerical computa-
tion; mathematical properties have not been discussed.

In this paper, we reveal a novel characteristic in fre-
quency analysis for homogeneous systems. Firstly, we
show that every homogeneous control system with a sinu-
soidal input has an equivalent homogeneous closed-loop

AT(z) = [eMxy, ..., ez, T (1)

Definition 2 (r-homogeneous function). Consider dila-
tion exponent v € R™. Then, a function V : R" — R is
said to be an r-homogeneous function of degree k if the
following equality holds:

system. Particularly, every solution of a homogeneous V(AT (z)) = "V (). )
system for an arbitrary amplitude sinusoidal input can be

calculated from the solution under the sinusoidal input An essential r-homogeneous function is an r-
with amplitude one. Moreover, we show that the mag- homogeneous g-norm defined as follows [5].

nitude of state variables is meaningful; surprisingly, the
Bode gain plot is mathematically valid for any homoge-
neous system!

Finally, we confirm the effectiveness of the frequency
analysis by computer simulation of a finite-time stable

homogeneous system. ||r.q = <Z |xi|rqb> 3)
2. PRELIMINARIES =

This section briefly introduces definitions and basic
properties of homogeneous functions. Throughout the
paper, we use the following notations. R>g = {z € Lemma 1. Any r-homogeneous norm is an r-
R|z>0kRyg={zecR|z>0}]-| de homogeneous function of degree 1 regardless of q.
notes (standard) Euclidean norm; for a Lebesgue mea-
surable function d : R>9 — R™ with a positive integer
m, ||d]|ec = esssup;epo 400y |d(#)|]; function d € Lo if

Definition 3 (r-homogeneous g-norm). Suppose q €
[1,+00). A function ||| 4 : R™ — R™ defined as follows
is said to be an r-homogeneous q-norm:

By direct implication of the definition of 7-
homogeneous norm, the following lemma holds.

Moreover, homogeneous norms are compatible as the
following lemma [5, Lemma 1]:

|d]|lso < +o00; a continuous function a : R>g — Rxg Lemma 2. Consider two homogeneous norms || - ||r, .,
is said to belong class K if «(0) = 0 and the function and ||-||r,,q, with (possibly) different exponents r1 and ro,
is strictly increasing; a function « is said to belong class and constants q1 and qa. Then, there exist two class Ko
Koo if @ € K and a(s) — +00 as s — +00; a contin- Sfunctions oy and oo such that the following inequality
uous function 3 : R>g X R>g — Rxg is said to belong holds for all x € R":

+ Madoka Murakami is the presenter of this paper. a1 (|2l rag0) < NElrg < @2 (12]]rs.q0) - @

978-4-9077-6487-6 PR0001/25 ¥400 © 2025 SICE 579



Note thatif r;, = 1 forall? = 1,...,n and ¢ = 2,
l|lzllrq = |lz|| (standard Euclidean norm). Hence, in-
equality (4) implies

(&)

Definition 4 (r-homogeneous vector field). Consider di-
lation exponent v € R™. Then, a vector field f : R™ —
R™ is said to be an r-homogeneous vector field of degree
T if the following equality holds:

f(AL(z)) = T AL(f(2)). (6)

Moreover, we say the r-homogeneous differential equa-
tion if f(x) in the right-hand side of the following differ-
ential equation is homogeneous of degree T with respect
to dilation exponent r:

&= f(z). (N

The most prominent characteristic of an r-homogeneous
differential equation is the convergence rate summarized
as the following theorem [2]:

ar ([[#[lrq) < [lz] < az (|=

ra) -

Theorem 1. Consider r-homogeneous differential equa-
tion (7) with continuous f. Then, the following properties
hold.

o If T < 0, the origin is finite-time stable; that is, for any
xo € R™ and solution p(0) such that p(0) = xo, there
exists a constant T > 0 depending on the choice of x
such that o(t) = 0 forallt > T.

o If T =0, the origin is exponentially stable.

o If T > 0, the origin is practically fixed time stable;
that is, for any r > 0, there exists a constant T > 0
depending on 1 such that ||p(t)|| < r for any solution
p(t)all p(0) e R" and t > T.

Remark 1. Note that we cannot guarantee that a solu-
tion of differential equation (15) is unique due to the as-
sumption that f is only continuous; we employ a notation
o as a solution of differential equation instead of x; how-
ever, we use x(t) as the solution of (15) if any confusion
does not arise.

Definition 5 (r-homogeneous system). Consider dilation
exponents v = [r1,...,1,] € RZyand s € R, and the
following control system:

&= f(z,u), ®)

where x € R and v € RY, and f : R* xR = Risa
continuous mapping.

Then (8) is said to be an r-homogeneous control sys-
tem of degree T if the following equality holds:

fF(AL(x), A (u)) = eTAL(f (2, u)). ©)
The following proposition is the most crucial property
of r-homogeneous systems.

Proposition 1. Consider r-homogeneous system (8) and
solution ¢ : R — R". Then, mapping ¢ : R — R" is
also a solution:

¢(t) = Al(p(e™t)). (10)

580

The proof of the proposition is the same as Proposition
1in [10].

Another important property of r-homogeneous sys-
tems is the input-to-state stability, which is defined as fol-
lows:

Definition 6 (ISS[11]). Consider a nonlinear system

z = f(x,u),

where € R™ and u € R! satisfying uw € Loo; f :
R™ x R' — R is a continuous mapping. Then, system
(11) is said to be input-to-state stable (ISS) if there exist
a class KL function f : R x R — R and a class K
function v : R — R such that for any bounded input u,
the following inequality holds:

l@ < Blz(0), ) + v([[w()lloo);

For r-homogeneous systems, the following theorem
holds [9].

(1)

ve>0. (12)

Theorem 2. Any r-homogeneous system (8) with respect
to dilation exponent (r, s) is ISS.

3. PROBLEM STATEMENT

In this study, we consider a frequency response prob-
lem for homogeneous systems; that is, we analyze the
response of (8) under u = A sinwt; more precisely, we
consider the following system:

T = f(xvzl)v

z1 = Asinwt,

13)
(14)

where =, 21 € R, and (13) is r-homogeneous of degree
7 with respect to dilation exponent 7 € R™ and s € R!.
Moreover, we suppose mapping f is continuous with re-
spect to x and 2.

We analyze the relation of x(t) to A and w in (14).

4. FREQUENCY ANALYSIS OF
HOMOGENEOUS SYSTEM

This section transforms system (13)—(14) into an au-
tonomous homogeneous differential equation.

Lemma 3. Consider (13). Then, the following system is
r-homogeneous of degree T with respect to dilation expo-
nentt = [r, s, s] € R"+2:

&= f(a), (15)

where & = [z, 21, 2T and f(&) is defined as follows.

- f(CC, Zl)

f@ =1 a2 |, (16)
92(2)

where

0(2) =wlef + =) -

|

g2(2) = —w(af +23)% 2



Proof. Note that f(z, z1) is r-homogeneous according to
the assumption, and we show homogeneity of (17).

g1(AL(2)) = we™ (2} + 23) F 2

=e""g1(2), (18)
92(AL(2)) = —we™T* (2] + 23) % 22
=TT 5gy(2). (19)
Therefore
F(AL(Z)) = T AL(f (7). (20)
O

Note that (17) is equivalent to (14) with A = 1 under
the initial condition z(0) = [0, 1] due to (27 + 23)7/2% =
1 for all 7 and s, and surprisingly, any r-homogeneous
control system with any sinusoidal input can be identified
with the r-homogeneous differential equation of degree 7
with respect to dilation exponent ¥ = [r, s, s]. As men-
tioned above, (17) has good properties; however, when
T < 0, the right-hand side of (17) is discontinuous at the
origin. For the issue, the following lemma holds:

Lemma 4. Consider (15). If 22(0)+23(0) # 0, there ex-
ists at least an interval I C R' and one classical solution
o(z) : I — R 210 (15).

Proof. Consider function W (z) = 23(¢) + 23(t). Then,
W = 0 for all z # 0. Therefore, W (z(t)) = W (z(0))
forall ¢t > 0.

Let B(t) = (:f(t) + 25(t))7/*: B(t) = B(0) =
By > 0 for all t > 0 according to the above discussion.
Then, equation (17) can be written as
21 = wB()ZQ (21)

22 = —wBozl.

Hence, solutions of (21) for initial condition (21 (0), 22(0))
are obtained as follows:

(22)
(23)

z1(t) = 22(0) sin(wByt) + 21 (0) cos(wByt),
z9(t) = 22(0) cos(wByt) — 21(0) sin(wByt).

Note that (21) is Lipschitz continuous, and we can con-
firm that solutions (22)—(23) are uniquely determined.
Since (13) is continuous with respect to x and z;, there
exists an interval I C [0, o) and solution ¢, (¢) ont € I.
Therefore, () = [px(t), 21(t), 22(¢)]7 is a solution to
7. [

Note that the right-hand side of (17) is discontinuous
when 7 < 0; however, Lemma 4 guarantees that there
exists a classical solution if 27 (0)? + 22(0)? # 0.

Lemma 5. Consider r-homogeneous system (13) and
21 = sinwt, where w > 0 is a constant. Suppose p,(t) is
a classical solution of (13) defined on I C [0, 00). Then,
p(t) is also a solution of x in (15) under initial condi-
tion z1(0) = 0 and z2(0) = 1.
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Proof. Let z1(t) = sinwt and z5(t) = coswt, and @, (¥)
is a also a solution of z in (15). Moreover, 2% (t)+23(t) =
1 for all t € R; the following equations hold.
3 = weoswt = w(22(t) + 22(t)) % 2a(t),

39 = —wsinwt = —w(22(t) + 22(t)) % 21 (t).

(24)
(25)

Therefore, z1(t) and z5(t) are solutions to (17). Ac-
cordingly, p(t) = [¢L(t),21(t), 22(t)] is a solution to
(15). 0

Obviously, the converse of Lemma 5 holds as follows.

Lemma 6. Consider (15) with initial condition Ty =
T T _
[z 5 2105 220]

= [0,0,1], and suppose o(t)
[02(t), 021(t), 02 (t)]T is a solution to (15) with initial
condition Zo. Then, p.(t) is also a solution of (13) for

input z; = sin wt.

According to Lemmas 3-6, the following theorem
holds as one of the main results in the paper.

Theorem 3. Consider r-homogeneous system (13) and
constant w > 0. Let . (t) be a solution of (13) under
input z; = sinwt and initial condition p;(0) = xo = 0.
Then, for any constant A > 0, @, (t) = A;l/sgo(AT/st)
is also a solution of (13) for input z,(t) = Asin A™/5wt
with initial condition ¢, (0) = 0.

Proof. Owing to contnuity of f, there exists a classical
solution ¢, (t) to (13) exists on ¢ € I C Ry with input
z1(t) = sinwt. Then from Lemmas 4 and 3, ¢ (t) is also
a solution for z of (15) under initial condition

Consider initial conditions z(0) = 0, 21(0) =
and 22(0) = 1; solutions of z; and zy are z;(t)
sinwt and 29(t) = coswt, respectively. Let o(t)
[0 (), 21(t), 22(t)]", and §(t) = AL(p(7t)) is also a
solution of (15) by Proposition 1; initial condition ¢(0)
is calculated as o, (0) = 0, 21(0) = 0 and 22(0) = &°.
For the initial condition, the following equation holds ac-
cording to (22):

0

z1(t) = €° sin(we™t). (26)

Hence, ¢,(t) = AlLp,(e™t) is a solution to z; =
£%sin(e7wt). Substitute ¢ = A/*, and for any constant
A >0 ¢(t) = Agl/sgpz(AT/St) is also a solution of
(16) for input u = Asin A7/t under initial condition
z(0) = 0. O

Theorem 3 is crucial; when we consider z; = A sin wt
for (13), each solution (@,;(t) can be written as follows
fori=1,...,n:

Pailt) = AT pai (A7), 27
where (pm(t) = [9011(75)» ey wzi(t)v R @mn(t)]T is a
solution of (13) with input 2; sinwt. This implies
that ¢, (t) has a similar solution locus to ¢, (t) with
21 = sinwot, where wy = A~7/5w. This property is
significant, particularly in the case of finite-time control;
every r-homogeneous finite-time control system has a



negative homogeneous degree 7 < 0 according to The-
orem 1. For r-homogeneous finite-time control systems,
A~7/% < 1 when A < 1. This means that the locus
of ¢,;(t) is similar to the response ,;(t) to the lower
frequency sinusoidal input z; = sin(wpt) with small am-
plitude.

Moreover, Theorem 3 is a natural extension to linear-
ity as the following corollary because any linear control
system is r-homogeneous of degree 0 with respect to di-
lation exponent r = (1,...,1).

Corollary 1. Consider the case that system (13) is linear
and constant w > 0. Let x(t) be a solution of (13) under
input z1 = sinwt and initial condition x(0) = 0. Then,
Sforany constant a > 0, Z(t) = a-x(t) is also a solution of
(16) for input v = asinwt and initial condition x(0) =
0.

5. FREQUENCY RESPONSE OF
HOMOGENEOUS SYSTEMS

In the above discussion, we do not suppose asymp-
totic stability of (13). In this section, we show fre-
quency response properties for asymptotically stable -
homogeneous systems.

Lemma 7. Consider r-homogeneous system (13)—(14)
with A = 1 and x(0) = 0; z; = sinwt, where w > 0
is an arbitrary constant. Let the origin of (13) be asymp-
totically stable and ¢, (t;w) be an arbitrary solution to
z1 = sinwt. Then, mapping M : R — R defined as
follows is well-defined for any q > 0:

(28)

M(w) = sup [|@x (t;w) |l r.q-
>0

Proof. According to Theorem 2 and the fact that u(t) =

sinwt is a continuous function, sup,~ ||¢.(t;w)]] <

(1) for any w. Hence by Lemma 5, there exists a class

IC function «v; such that for any solution ¢,

sup ||z (t;w) |lrq < sup oy (|lee(tw)) < o7 (v(1)).
>0 +>0

(29)
Therefore, M (w) is well-defined. O

According to Lemma 7, the following theorem holds
as the other main result.

Theorem 4. Consider r-homogeneous system (13)—(14),
the initial condition x(0) = 0, function M defined in
(28), and the set of all solution of (13)—(14) under x(0) =
0 is denoted as S.

Moreover, we consider mapping M(w, A) defined as
follows.

1
M(w, A) = — sup sup [ (t;w, A)llrq,
s €5 t>0

(30)

where @, (t;w, A) is a solution of (13) to input z1 =
A sinwt under 2(0) = 0.
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Then, the following equation holds.

M(w, A) = sup M (A~ 5w). 31
S

Proof. Note that the following equation holds according
to Theorem 3 and A > 0:

1
|Pa(t; w, A)lr,g = <Z|¢m(t;w~4) ) : (32)
i=1
According to Theorem 3,
N 1
(Z |ai(t;w, A) )
i=1
1
- Tq T T a4 !
- <Z|A5¢xi(Ast;Asw) )
i=1
N 1
= 47 (Zuom(A-?t;A-?w) )
i=1
= A% oo (A7 A7 0) . (33)
Note that

sup [z (A™5 6 A75w)|lrg = sup [lez (6 A5 W) g,
t>0 t>0

(34)
and
M(w, A) = sup sup [|¢x(t; A~ 5wl (35)
Pz €S >0
=sup M(A™5w)
S
O

Theorem 4 implies that relative magnitude M is sim-
ply the frequency shift of M (w); this means that, if we
have obtained the gain diagram for M (w), the diagram
for another amplitude of sinusoidal input M (w, A) is eas-
ily obtained from the diagram for M (w).

Theorem 4 analyzes a frequency response with respect
to a homogeneous norm. For each state variable x;, the
following corollary holds.

Corollary 2. Consider r-homogeneous system (13)—
(14). Then, the following equality holds.

|@ai (£, Al oo = A* sup lpai(t; A" w)lo. (36

6. EXAMPLE

To illustrate the effectiveness of the frequency analysis
of r-homogeneous systems, we show an example in this
section. Consider the following finite-time low-pass filter
system:

i=—(z—u)3, (37)



u=sint
8 x u = 0.125sin 4t

Time

Fig. 1 Comparison of response of x

where x and u € R.

(37) is r-homogeneous of degree 7 = —2 with respect
to dilation exponent r = s = 3.

Let x(t) be a solution of (37) for input u = sint
and initial condition (0) = 0. In this example, Theo-
rem 3 implies that #(t) = Axz(A~2/3t). For A = 1/8,
Z(t) = x(4t)/8 is a solution to u = 0.125 sin 4¢ (Fig. 1).
This means that the solution locus for the low-amplitude
and high-frequency signal is similar to that for the high-
amplitude and low-frequency signal; that is, a small am-
plitude input plays a lower-frequency signal in this case.

We show Bode gain plots in Fig. 2 for A = 1 and
Fig. 3 for A = 0.01. Moreover, Bode gain plots for
multiple amplitudes and frequencies in Fig. 4. In these
figures, vertical axes represent 20 log, | (¢)|, and hori-
zontal axes denote w in log scale. Figure 2 illustrates the
frequency response for u = sin wt, and Figure 3 one for
u = 0.01 sinwt. We can confirm that a small magnitude
signal plays as a lower magnitude signal for u = sin wt.

According to Fig. 2, the magnitude of z for w = 0.01
is approximately 0[dB]~ 1. We illustrate the time re-
sponse with = sin 0.01¢ in Fig. 5. The blue line shows
a time history of x and the red dashed line illustrates
sin 0.01¢ itself. We can see that the blue line overlaps
with the red line; 2(t) is almost the same as sin 0.01¢.
Theorem 3 claims that the input v = 10~% sin 100t gives
a similar performance as v = sin0.01¢. Figure 6 illus-
trates time histories of x(¢) with u = 107% sin 100¢ and
the input itself. In this case, we can also confirm that
the blue line overlaps with the red one. Figure 7 illus-
trates time histories of z(¢) with a larger magnitude sig-
nal v = sin 100¢ and the input. We can find that x(t)
is more suppressed than the input signal sin 100¢. This
implies that a r-homogeneous system demonstrates an
amplitude-dependent frequency response.

7. CONCLUSION

In this paper, we have shown a novel characteristic in
frequency analysis for r-homogeneous systems; every r-
homogeneous control system with a sinusoidal input has
an equivalent homogeneous closed-loop system, and fre-
quency analysis is meaningful for r-homogeneous sys-
tems. Finally, we confirm the effectiveness of the fre-

583

=
—10h \

— N

B2t A

[) \\\

E -30

& \

S-a0f . 4
-50 N
60 | | | |

1072 107! 10° 10' 102 10°

Angular Frequency[rad/s]

Fig. 2 Frequency Response for u = sin wt

-40

50 ™~

Magnitude [dB]
3 8

!

©

S
T

—90}

-100
1072

2 3

. . .
107" 10° 10! 10
Angular Frequency [rad/s]

Fig. 3 Frequency Response for v = 0.01 sin wt

10

Magnitude M(w, A) [dB]

s i
= L
10 100 o]

10 -

eV

Amplitude A

2 2
10 -2
» 103 10
Angular Frequency w [rad/s]

Fig. 4 Bode Gain Plot

08

04

0.2

020 |\ \\

| | \
o4k | ’ [ | |
06 | | | | | ] \

| \ |
-08| \‘ | \ \ [

\/

I I I
2000 2500 3000

Time

I I
1000 1500

Fig. 5 Response for u = sin 0.01¢

quency analysis of r-homogeneous systems by computer
simulation.

Every finite-time stable r-homogeneous system has a
negative homogeneous degree. As we showed in the ex-
ample, an output signal is not attenuated relative to any
small amplitude sinusoidal wave. This may be a key to
the secret of the superior performance of r-homogeneous
finite-time control in actual experiments; further analysis
remains in the future.



x107°

u =10 "sin 100t
— —~10 °sin 100t

I I I
0.15 0.2 0.25 03
Time

Fig. 6 Response for u = 10~ sin 100t

I I
0 0.05 0.1 0.35 04

[ Vol Lo ! \
| Vol | [ | !

| \ u=sin100f] |
[ ' |- = —sin 100
] \ —

Vo {
0.25 03

I I |
0.15 0.2 0.35 0.4
Time

I
0 0.05 0.1

Fig. 7 Response for © = sin 100¢

We can view —20 dB/dec in Figs. 2—4, which is the

same as linear systems. To answer the question of why
—20 dB/dec is generated remains future work.
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