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Abstract: Current research indicates a great application potential of multi-agent reinforcement learning (MARL) on real-
world network systems, such as power systems, traffic networks, and multi-unmanned aerial vehicle systems. There is a
challenge for MARL is efficiently achieve global cooperative performance while in a decentralized learning style that is
applicable to networked systems. To this end, we propose novel decentralized multi-agent actor-critic algorithms inspired
by the ideas of parameter consensus learning and counterfactual baseline of multi-agent. Specifically, we reasonably
consider that the reward functions of the agents are different and are available only to the corresponding agent. A con-
sensus update is designed to approximate the joint reward function via communication over the network to ensure global
goal consistency. Based on this, in the critic step, a truncated representation of joint rewards is used for respective value
function learning that reduces variance. For the actor step, the truncated-based counterfactual advantage is accordingly
computed to enable an efficient credit assignment for each agent’s policy improvement that ensures effective joint policy
learning. Our algorithms possess provable convergence when the approximation functions are within the class of linear
functions and are general for both discrete and continuous spaces of tasks. Experimental results with both linear and
nonlinear function approximations show the effectiveness of the proposed algorithms.

Keywords: Multi-Agent Systems, Multi-Agent Reinforcement Learning, Counterfactual Multi-Agent Actor-Critic, De-
centralized Training with Decentralized Execution.

1. INTRODUCTION

Multi-agent reinforcement learning (MARL) has
gained remarkable research attention nowadays due to it-
s great potential of assisting multi-agent systems (MASs)
in complex real-world applications, including multi-robot
systems [1, 2], autonomous driving [3, 4], traffic signal
control [5, 6], and energy network regulation [7, 8]. To
realize the cooperative behavior of a collective of agents,
a popular MARL framework is centralized training with
decentralized execution (CTDE), which usually receives
a total reward of all agents’ joint actions for the global
goal evaluation [9, 10]. However, CTDE becomes inca-
pable when conducting learning in large-scale networked
MASs, since the reward functions may be set in a dis-
tributed and secure way, and the classical overall eval-
uation approach has inefficient distinguishability for the
decentralized policies’ improvement. The decentralized
training with decentralized execution (DTDE) framework
was proposed sequentially, which mainly aims to achieve
global-level objectives with local-level information com-
munication and collaborative learning [11, 12, 15]. A
critical challenge for decentralized MARL is to achieve
the overall objective, i.e., the globally averaged return
maximization, effectively and efficiently.

With the goal that realizing efficient global collabora-
tion for decentralized networked MARL, in this paper, we
propose two novel decentralized multi-agent actor-critic
algorithms based on state value function and action value
function, respectively. The main ideas of our algorithms
are threefold. First, to maximize the global average re-

† Yiliu Jiang is the presenter of this paper.

turn under different reward functions of agents, we design
a parameterized function of the global reward for each a-
gent. Based on the parameter consensus update with their
neighbors in the network, agents are available to maintain
the consistent global reward estimations locally. Second,
with the approximated global reward defined on joint ac-
tions of all agents, for the critic step, we design a trun-
cated term of the global reward represented only by the
individual action of the agent for respective value func-
tion approximation. In this way, the variance induced by
other agents’ actions is reduced during each agent’s value
function learning process, while without impairing global
goal consistency. Third, for the actor step, the truncated-
based counterfactual advantage function is proposed for
the respective policies to efficiently assign credit and im-
prove. The version of the policy gradient theorem adapt-
ed to this setting is proved, which is applicable for both
state-based and action-based value functions. We vali-
date our two algorithms with both linear and nonlinear
function approximations, in the designed numerical ex-
periment and the benchmark Multi-Agent Particle Envi-
ronment (MPE) [17], respectively.

2. RELATED WORKS

Zhang et al. [12] have taken the lead in studying multi-
agent reinforcement learning with a networked structure.
On the thought of distributed optimization, the parameter
consensus updated approach is proposed for agents to es-
timate the global objective by local information transfer.
The class of consensus method usually focus on main-
taining consistency on the global value function to realize
coordination of decentralized policies [12-14]. However,
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with only such consistency on the overall evaluation is
incapable of efficient policy improvement and collabora-
tion with the increased number of agents and complexity
of tasks.

On the other hand, the counterfactual multi-agent
(COMA) actor-critic was proposed [9] to address the
challenges of multi-agent credit assignment to learn de-
centralized policy efficiently. On a centralized joint ac-
tion value function, it designs a counterfactual baseline
that marginalises out a single agent’s action, while keep-
ing the other agents’ actions fixed. The proposed central-
ized counterfactual advantage defined on the joint action
with a total reward has limited scalability, and it is appli-
cable only for discrete action spaces.

Qu et al. [15, 16] investigate the exponential decay
condition for “truncated” value function, which is defined
on the local state-action instead of the global one, that
achieves scalability for general networked MARL. Nev-
ertheless, the local reward-based learning is unable to en-
sure a global objective.

Based on the inspirations and limitations of the related
works, for the networked MARL, we investigate decen-
tralized counterfactual multi-agent actor-critics to realize
efficient collaborative learning with the global objective.

3. BACKGROUND

A Markov decision processes involved in N agents
is characterized by a tuple M =

〈
S,A1, · · · ,AN , r1,

· · · , rN , P
〉
. S is the state space, A1 is the action space

of agent i, i = 1, ...N , ri : S×A1×· · ·×AN → R is the
reward function for agent i, and P : S×A1×· · ·×AN →
[0, 1] is the transition probability map, denotes a state
transition probability from state s to s′ determined by
all agents’ actions. The policy of agent i is a mapping
πi : S × Ai → [0, 1], representing the probability of
choosing action ai at state s. The joint policy of all a-
gents is denoted as π =

(
π1, · · · , πN

)
, and the prob-

ability value of it is π(s,a) =
∏

N
i=1π

i
(
s, ai

)
, where

a=
(
a1, · · · aN

)
is the joint action of all agents. At each

time step t, given current state st, each agent i choose ac-
tion ai according to individual policy πi

(
s, ai

)
. All agent

form a joint action at and each agent receives a reward
ri(st,at). The state then transits to the next st+1 accord-
ing to the transition probability P .

Networking is a common framework for studying
MASs in their entirety. Agents in a networked system
are denoted as a set N = {1, · · · , N}. The system can
be modeled as an undirected graph G (N , E), where each
agent i serves as vertex i and E ⊆ N × N is the set of
all edges. The edge eij = (i, j) ∈ E indicates the con-
nection relationship of two agents i, j ∈ N . Two agents
associated with an edge are neighbors, agent i and its all
neighbors in the graph together is denoted as a set N i.

The global objective of the MAS is defined as maxi-

mizing the overall average reward per time step:

maximize
π

J= lim
T→∞

1

T
E

s∼P,a∼π

(
T−1∑
t=0

1

N

∑
i∈N

ri(s,a)

)
=
∑
s∈S

dπ (s)
∑
a∈A

π (s,a)·r̄ (s,a),

(1)

where dπ(s) = lim
t→∞

P (st = s|π) is the stationary distri-

bution of the Markov chain under policy π, and r̄ (·) =
1
N

∑
i∈N r

i(s,a) is the average function of all agents’
rewards.

Given any policy π, the relative action-value function
associated with a state-action pair (s,a) is defined as

Qπ(s,a)=
∞∑
t=0

E
s∼P,a∼π

[r̄(st,at)−µ̄π|s0 =s,a0 =a],

(2)

where µ̄π= 1
N µ

i
π , µiπ is the average reward per time step

of agent i defined as µiπ= lim
T→∞

1
T

∑T−1
t=0 E

s∼P,a∼π
[ri(st,at)]

=
∑
s∈Sdπ(s)

∑
a∈Aπ(s,a) ·ri(s,a). Accordingly, the

relative state-value associated with state s under policy π
can be defined as vπ(s) =

∑
a∈Aπ(s,a) ·Qπ(s,a). The

advantage function is denoted as

Aπ(s,a) = Qπ(s,a)− Vπ(s) . (3)

4. DECENTRALIZED
COUNTERFACTUAL MULTI-AGENT

ACTOR-CRITIC
In this section, we present the proposed decentralized

actor-critic algorithms for the networked agents. We first
establish a policy gradient theorem for our MARL set-
ting. On this basis, two collaborative learning algorithms
through parameter consensus update are designed with
the Q-function and the V -function, respectively.

4.1. Truncated Counterfactual Multi-Agent Policy
Gradients

Inspired by the scalable value function definition in
[15], which effectively approximates the joint-action val-
ue function in a truncated way, and set each agent local-
ized policy πiθi parameterized by θi, we define the “trun-
cated” value function for our setting as follows.

Definition 1. In multi-agent MDPM, for all s∈S, a∈A
under policy θ, θ =

(
θ1, · · · , θN

)
, the truncated action-

value function for agent i, i ∈ N , is defined as

Q̃iθ
(
s, ai

)
=
∞∑
t=0

E
a�i∼π�i,s∼P

[
r̄(st,at)−µ̄θ|s0=s, ai0=ai

]
,

(4)

where −i= {1, ..., i− 1, i+ 1, ..., N} denotes the set of
all agents except i, r̄ is the the averaged reward of all
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agents defined in Eq. (1), and µ̄θ is the averaged value
of the average rewards of all agents under the stationary
distribution dθ(s).

In Definition 1, we define the global value function of
each agent explicitly on the respective action ai, the per-
formance of other agents’ actions is reflected by r̄ implic-
itly, to average out the disturbance of others and reduce
variance during the value function learning process. On
this basis, considering that the averaged reward value r̄
is inefficient to cope with the credit assignment with an
increased number of agents [9], we take advantage of its
idea of counterfactual baseline for policy gradient. The
following Lemma of policy gradient is proposed, which
generalizes from Theorem 3.1 in [12] and characterizes
the gradient of the global objective J in Eq. (1).

Lemma 1. For any θ=
(
θ1, · · · , θN

)
, let πθ : S×A →

[0, 1] be a policy and let J(θ) be the globally long-term
averaged return defined in Eq. (1). In addition, let Aθ be
the parameterized advantage function in Eq. (3). More-
over, for any i ∈ N , we define the truncated counterfac-
tual local advantage function Ãiθ : S×A → R as

Ãiθ
(
s, ai

)
= Q̃iθ

(
s, ai

)
−
∑
ai∈Ai

πiθi
(
s, ai

)
·Q̃iθ
(
s, ai

)
. (5)

Then the gradient of J(θ) with respect to θi is given by

∇θiJ(θ)= E
s∼dθ,a∼πθ

[
∇θi log πiθi

(
s, ai

)
·Aθ(s,a)

]
= E
s∼dθ,a∼πθ

[
∇θi log πiθi

(
s, ai

)
·Ãiθ
(
s, ai

)]
.

(6)

Proof. The proof of this theorem follows the proof of
the policy gradient theorem for MARL (Theorem 3.1) in
[12], from which we have

∇θiJ(θ)= E
s∼dθ,a∼πθ

[
∇θi log πiθi

(
s, ai

)
·Qθ(s,a)

]
= E
s∼dθ,a∼πθ

[
∇θi log πiθi

(
s, ai

)
·Aθ(s,a)

]
,

(7)

where Qθ(s,a) is the action-value function in Eq. (2) pa-
rameterized by θ. We write the difference term as

gd = E
s∼dθ,a∼πθ

[
∇θi log πiθi

(
s, ai

)
·Aθ(s,a)

]
− E
s∼dθ,a∼πθ

[
∇θi log πiθi

(
s, ai

)
·Ãiθ
(
s, ai

)]
.

From the definitions of Aθ(s,a) and Ãiθ
(
s, ai

)
respec-

tively in Eq. (3) and Eq. (5), one can easily obtain gd =
0.

Lemma 1 indicates that, based on the respective trun-
cated counterfactual advantage Ãiθ

(
s, ai

)
, each agent i

enables an unbiased estimate of the global objective J(θ)
through the corresponding gradient ∇θi log πiθi locally.
Furthermore, to realize fully decentralized MARL with

Algorithm 1 Decentralized counterfactual multi-agent
actor-critic based on action-value function
1: Input: Initial value of parameters λi0, λ̃i0, µi0, µ̃i0,

ωi0, θi0, ∀i ∈ N , the initial state s0, and step-sizes
{αt}t≥0 and {βt}t≥0.
Initialize the iteration counter t← 0.

2: repeat
3: for all i ∈ N do
4: Each agent i executes action ait ∼ πi

θit
(st, ·) and ob-

serves joint actions at =
(
a1t , ..., a

N
t

)
.

5: Observe state st+1, and reward rit = ri (st, at).
6: Receive rjt from neighbors j ∈ N i.
7: Update µ̃it ← µit + αt ·

(
rit − µit

)
8: Update

λ̃it←λit+αt ·
(
rit+1−R̄iλt(st, at)

)
·∇λR̄iλt(st, at)

9: Update
δit←R̄iλt(st, at)−µ

i
t+Q

i
ωit

(
st+1, a

i
t+1

)
−Qi

ωit

(
st, a

i
t

)
,

Ait←Qi
ωit

(
st, a

i
t

)
−
∑
ai∈Ai π

i
θi

(
st, a

i
)
·Qi

ωit

(
st, a

i
t

)
10: Critic step: ωit+1 ← ωit + αt · δit · ∇ωiQiωit

(
st, a

i
t

)
.

11: Actor step: θit+1 ← θit+βt ·Ait ·∇θi log πi
θit

(
st, a

i
t

)
.

12: end for
13: for all i ∈ N do
14: Consensus step: µit+1 ←

∑
j∈N i ct (i, j) · µ̃it,

λit+1 ←
∑
j∈N i ct (i, j) · λ̃it.

15: end for
16: Update the iteration counter t← t+ 1.
17: until Convergence

only individual reward available for each agent, the total
average reward r̄ (·) required in Ãiθ

(
s, ai

)
and Q̃iθ

(
s, ai

)
is set as a parameterized function, and we design two pa-
rameter consensus update algorithms to realize the ap-
proximation of r̄ (·).

4.2. Algorithms
Zhang et al. [12] firstly introduced the parameter con-

sensus update approach for MARL on the general net-
work topology, realizing the global value function esti-
mation through local information communication during
learning. Here, we set the global averaged reward func-
tion r̄(s,a)= 1

N

∑
i∈N r

i(s,a) as the parameterized one.
Specifically, letR(·, ·;λ) : S×A → R be a class of func-
tions parameterized by λ ∈ RK , where K � |S| · |A|.
Each agent i maintains its own parameter λi and uses
R
(
·, ·;λi

)
as a local estimate of Rλ, and let agents share

the local parameters λi, i ∈ N with their neighbors N i

on the network to realize a consensual estimate of Rλ. In
this way, each agent is able to improve its respective pol-
icy via the counterfactual advantage-defined gradient in
Eq. (6).

Such a parameter update involves a weight matrix
Ct = [ct (i, j)]N×N to achieve the averaged consensus,
where ct (i, j) is the weight on the message transmitted
from i to j at time t through the existing communication
edge in the network. We assume Ct follows the theo-
retical conditions (see Assumption 4.3 in [12]), thus, the
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Algorithm 2 Decentralized counterfactual multi-agent
actor-critic based on state-value function
1: Input: Initial value of parameters ζi0, λi0, λ̃i0, µi0, µ̃i0,

νi0, θi0, ∀i ∈ N , the initial state s0, and step-sizes
{αt}t≥0 and {βt}t≥0.
Initialize the iteration counter t← 0.

2: repeat
3: for all i ∈ N do
4: Each agent i executes action ait ∼ πi

θit
(st, ·) and ob-

serves joint actions at =
(
a1t , ..., a

N
t

)
.

5: Observe state st+1, and reward rit = ri (st, at).
6: Receive rjt from neighbors j ∈ N i.
7: Update µ̃it ← µit + αt ·

(
rit − µit

)
8: Update

λ̃it←λit+αt ·
(
rit+1−R̄iλt(st, at)

)
·∇λR̄iλt(st, at)

ζit+1←ζit+αt·
(
R̄iλt(st, at)−R̄

i
ζi

(
st, a

i
t

))
·∇ζR̄iζt

(
st, a

i
t

)
9: Update δit ← R̄iζi

(
st, a

i
t

)
−µit+V iνit (st+1)−V i

νit
(st)

10: Critic step: νit+1 ← νit + αt · δit · ∇νiV iνit (st).

11: Actor step: θit+1 ← θit+βt ·δit ·∇θi log πi
θit

(
st, a

i
t

)
.

12: end for
13: for all i ∈ N do
14: Consensus step: µit+1 ←

∑
j∈N i ct (i, j) · µ̃it,

λit+1 ←
∑
j∈N i ct (i, j) · λ̃it.

15: end for
16: Update the iteration counter t← t+ 1.
17: until Convergence

Q-value based actor-critic algorithm can be directly ob-
tained under the definition Eq. (4) and Eq. (5). Algo-
rithms 1 represents the pseudocode, where the personal
Q-function and policy are parameterized by ωi and θi re-
spectively.

For the V -value based actor-critic, we rewrite the trun-
cated counterfactual local advantage in Eq. (5) as

Ãiθ
(
s, ai

)
= Q̃iθ

(
s, ai

)
−
∑
ai∈Ai

πiθi
(
s, ai

)
·Q̃iθ
(
s, ai

)
= r̄iθ

(
s, ai

)
− µ̄θ + Ṽ iθ (s′)− Ṽ iθ (s) ,

(8)

where r̄iθ
(
s, ai

)
=
∑
a�i∈A�i π

−i
θ�i

(
s,a−i

)
· r̄(s,a),

and Ṽ iθ (s) =
∑
ai∈Ai π

i
θi

(
s, ai

)
·Q̃iθ

(
s, ai

)
.

Considering the extra truncated reward term r̄iθ
(
s, ai

)
in Eq. (8), we set an additional function to parameterized
it denoted asR

(
·, ·; ζi

)
, ζi ∈ RL, in which L� |S|·

∣∣Ai∣∣.
Then, the pseudocode of this case is represented as Algo-
rithms 2, where the personal V -function is parameterized
by νi. Based on the policy gradient in Lemma 1, the
convergence of two decentralized counterfactual multi-
agent actor-critic with linear function approximation can
be similarly proved, through the consensus MARL theory
in [12].

5. EXPERIMENTS
In this section, we evaluate the proposed decentralized

counterfactual MAAC algorithms with both linear and

nonlinear function approximation, in the designed nu-
merical experiment and the benchmark Multi-Agent Par-
ticle Environment [17], respectively.

5.1. Linear Function Approximation
To test the effective global objective approximation for

our decentralized algorithms, the numerical experimen-
t setting in this case is similar to [12]. Consider in total
N = 10 agents, each has a binary-valued action space,
i.e., Ai = {0, 1}, for all i ∈ N . There are total |S| = 10
states. The elements in the transition probability matrix
P are uniformly sampled from the interval [0,1] and nor-
malized to be stochastic. For each agent i and each state-
action pair (s, a), the mean reward Ri (s, a) is sampled
uniformly from [0,4], which varies among agents. The
policy πiθi

(
s, ai

)
is parameterized following the Boltz-

man policies. The feature vectors fs,ai ∈ RLi for policy
function is L1 = ... = LN = 6, φ ∈ RK for the state-
action (s, a), ϕ ∈ RD for the state s, are all uniformly
sampled from [0,1], of dimensions K = 12 � |S|·|A|,
D = 5 < |S|. The consensus weight matrix Ct is chosen
to be independent and identically distributed along time
t, and to be doubly stochastic (see [12] for the details).
The stepsizes for the critic and the actor are selected as
αt = 1/t0.85 and βt = 1/t0.95.

The performances of our decentralized counterfactual
algorithms labeled as ‘-Deco’ are compared with those
of the centralized algorithms and the decentralized al-
gorithms in [12], which are labeled as ‘-Central’ and ‘-
Decentral’ respectively. For the centralized controller, the
rewards rit of all agents are available. As shown in Fig. 1
and Fig. 2, both decentralized counterfactual algorithm-
s converge to the globally long-term averaged return as
achieved by the two centralized algorithms. In view of the
overall limited performance of the linear function approx-
imation, moreover, we compare the V -value and Q-value
of algorithms after 3000 iterations, which are shown in
Fig. 3 and Fig. 4 respectively. The value of ‘-Deco’ is
computed as the average of all agents. These verify that
Deco algorithms, through distributed and distinguished

Fig. 1 The convergence of globally averaged returns of
Q-algorithms.
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Fig. 2 The convergence of globally averaged returns of
V-algorithms.

Fig. 3 The values of the Q-function after 3000 steps.

Fig. 4 The values of the V-function after 3000 steps.

counterfactual advantage function learning, indeed learn
similar global value evaluations as their central counter-
parts.

5.2. Nonlinear Function Approximation
In the scenario of MPE, we empirically evaluate the

performance of the algorithms with nonlinear function
approximators, i.e., neural networks in this case. Con-

Fig. 5 The Cooperative Spread scenario in MPE.

0 10000 20000 30000 40000 50000 60000
Number…of…Episodes

80

75

70

65

60

55

G
lo
ba
l…

R
et
ur
n

Q-Central
Q-Decentral
Q-Deco
V-Central
V-Decentral
V-Deco

Fig. 6 The globally averaged returns for the task of Co-
operative Spread.

sidering the scenario of the Cooperative Spread task, in
this scenario, we set 4 agents to collaboratively spread
to 4 landmarks through physical movement. Agents are
able to globally observe the position of the landmarks and
other agents, and receive rewards based on the negative
distance of each agent to a landmark that is closest. In
addition, a reward of -1 is set as a collision punish for
each other. The collaborative goal of the agents is then to
occupy as many spread targets as possible in the episode
length of 30. The illustration of the Cooperative Spread
scenario is shown as Fig. 5. Both state and action spaces
are continuous in this case. The neural networks in the
experiment are all set to have two hidden layers with 64
neural units per layer, which all use ReLU as the activa-
tion function. The learning rate for the actor and critic
steps are set as constants 1e-4 and 2e-4, respectively.

Fig. 6 shows the successful convergence of the pro-
posed algorithms. For the V -function algorithms, both
‘-Deco’ and ‘-Decentral’ algorithms are able to achieve
globally averaged returns close to the centralized coun-
terparts, though at a relatively slower speed. This is
reasonable due to the delay of information aggregation
across the network. The ‘V-Deco’ compared with the
‘V-Decentral’ does not show an obvious advantage here.
We attribute this to the fact that the class of V-function-
based algorithms has an inherently smaller variance, so
that the credit assignment of the counterfactual advan-
tage has limited improvement. For the Q-function al-
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gorithms, the ‘-Deco’ shows an outperforming learning
efficiency compared with both the ‘-Central’ and the ‘-
Decentral’ ones. Overall, the results validate the efficien-
cy of the truncated counterfactual advantage for the de-
centralized multi-agent collaborative policy learning, es-
pecially for Q-function approximation that is affected by
other agents’ actions with larger variance.

6. CONCLUSIONS
In this paper, the truncated counterfactual advan-

tage function is proposed for the decentralized MARL
to achieve efficient collaborative learning on networked
multi-agent systems. On this basis, we propose t-
wo multi-agent actor-critic algorithms that can general-
ly handle both continuous and discrete spaces of tasks,
with a provable global convergence property for the lin-
ear function approximation. Numerical experiments on
large-scale MARL settings with numerous agents and
massive state-action spaces validate the global perfor-
mance of the proposed decentralized algorithms. More-
over, experiments on the benchmark Multi-Agent Particle
Environment show the superior learning efficiency of the
proposed truncated counterfactual MARL. The future di-
rection of our research is to extend the algorithms in more
distributed and scalable ways that reduce the reliance on
global information, such as global state and joint actions.
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