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Abstract: In this paper, we consider the trajectory tracking control of rigid body attitude subject to disturbance torque
inputs. To achieve robust trajectory tracking, we employ the concept of input-to-state stability trajectory tracking control
Lyapunov function (ISS-TCLF) and design a robust trajectory tracking controller based on the ISS-TCLF. We then in-
troduce an adaptive disturbance estimator to mitigate the effect of disturbances more efficiently. The effectiveness of the
proposed controllers is confirmed through numerical simulations.
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1. INTRODUCTION

Unmanned Aerial Vehicles (UAVs), including multi-
copters, are widely used in many applications such as
aerial photography, surveying, and transportation. In
such real-world applications, the robustness of the control
systems to various environmental disturbances is critical.
Specifically, precise attitude tracking control under such
disturbances is essential to avoid crashes.

For this robust attitude tracking problem, various non-
linear control methods such as sliding mode control [1,
2] or neural network-based approach [3] have been ap-
plied. In particular, many disturbance observer (DOB)-
based controllers [4-7] have been proposed. The basic
idea of the DOB is to estimate and cancel out the un-
known time-varying disturbances directly.

In contrast to the DOB, adaptive control estimates
unknown constant parameters. In recent years, adap-
tive control-based disturbance attenuation controllers [8,
9] have been proposed. The key idea here is to sepa-
rate the unknown time-varying disturbances (parameters)
into two parts: (i) the unknown constant term and (ii) the
unknown residual time-varying term. The adaptive con-
trol compensates for the former, and the latter is treated
by disturbance attenuation control. This approach is ex-
pected to be more robust to system modeling errors than
disturbance observers.

Along this line of research, an adaptive attitude con-
troller based on the control Lyapunov function (CLF) has
been proposed for the attitude stabilization problem of
rigid bodies [10]. This controller combines CLF-based
adaptive control with the disturbance attenuation con-
troller, which is based on the concept of input-to-state
stability (ISS). However, we cannot directly apply this
controller to the trajectory tracking problem considered
in this paper because the standard CLF is a design tool
for asymptotic stabilization.

The objective of this paper is to propose a robust adap-
tive trajectory controller for the rigid body attitude dy-
namics in the presence of disturbance torque. To do so,

† Yasuyuki Satoh is the presenter of this paper.

we introduce the concept of input-to-state stability track-
ing Lyapunov function (ISS-TCLF) [9], which is an ex-
tension of tracking control Lyapunov function (TCLF)
[11]. We first design a robust trajectory tracking con-
troller, which guarantees the ISS, based on the ISS-TCLF.
Then we extend this to the robust adaptive tracking con-
troller by introducing an appropriate parameter estima-
tion term. The effectiveness of the proposed controller is
confirmed through numerical simulations.

The rest of this paper is organized as follows. Sec-
tion 2 introduces some definitions and fundamental re-
sults used in the paper. The problem considered in this
paper is formulated in Section 3. In Section 4, we de-
sign a robust trajectory tracking controller based on the
ISS-TCLF and validate its effectiveness through numeri-
cal simulations in Section 5. We then propose the robust
adaptive trajectory tracking controller in Section 6. Fi-
nally, a brief conclusion is given in Section 7.

2. PRELIMINARIES
2.1. Unit quaternions [12, 13]

In this paper, we characterize the attitude of rigid bod-
ies by using the unit quaternion q ∈ S3 := {q ∈
R4 | ∥q∥ = 1}. As is well-known, any rotation matrix
R ∈ SO(3) := {R ∈ R3×3 | R⊤R = I, detR = 1}
is characterized by the unit quaternion by the following
map R:

R = R(q) = I + 2r0S(r) + 2(S(r))2, (1)

where S(r) is a skew-symmetric matrix defined as fol-
lows:

S(r) =

 0 −r3 r2
r3 0 −r1
−r2 r1 0

 . (2)

For two given unit quaternions qa = (r0a r
⊤
a )

⊤ and
qb = (r0b r

⊤
b )

⊤, the quaternion multiplication is defined
as follows:

qa ⊗ qb =

[
−r0ar0b + rTa rb

−r0arb − r0bra − S(ra)rb

]
. (3)

Proceedings of the 2025 SICE Festival with Annual Conference
September 9-12, 2025, Chiang Mai, Thailand

978-4-9077-6487-6 PR0001/25 ¥400 © 2025 SICE 300



The conjugate of a unit quaternion q = (r0 r
⊤)⊤ is de-

fined by q−1 := (r0 − r⊤)⊤.

2.2. Robust trajectory tracking based on ISS-TCLF
[9]

In this subsection, we introduce the basic definitions
and results of robust trajectory tracking control of nonlin-
ear systems based on input-to-state tracking control Lya-
punov function (ISS-TCLF). Let us consider the follow-
ing nonlinear control system:

ẋ = f(x) + g(x)u+ h(x)d

= f(x) +

m∑
i=1

gi(x)ui +

l∑
i=1

hi(x)di,
(4)

where d ∈ Rl is an exogenous disturbance and the map-
pings gi : Rn → Rn (i = 1, . . . ,m) and hi : Rn →
Rn (i = 1, . . . , l) are assumed to be locally Lipschitz
continuous.

We first introduce the standard trajectory tracking con-
trol problem for system (4) with d = 0. The following
assumption is essential for trajectory tracking:

Assumption 1. Consider the nonlinear system ẋ =
f(x) + g(x)u (i.e., system (4) with d = 0). We suppose
that a C2 desired trajectory xd : [0,∞) → Rn satisfying
the following equation is given:

ẋd = f(xd(t)) + g(xd(t))ur(t), ∀t ≥ 0, (5)

where ur : [0,∞) → Rm; t 7→ [ur1(t), . . . , urm(t)]⊤ is
the corresponding C1 reference input.

Remark 1. Note that Assumption 1 requires the desired
trajectory to be realizable; in other words, the system it-
self must be able to generate xd(t).

Under Assumption 1, the trajectory tracking problem
is formulated as follows:

Definition 1 (Trajectory tracking). Consider the nonlin-
ear system ẋ = f(x)+g(x)u (i.e., system (4) with d = 0).
Let xd(t) and ur(t) be the desired trajectory and the cor-
responding reference input, respectively, satisfying As-
sumption 1. Then, the trajectory tracking control prob-
lem is to design a time-varying continuous state feedback
controller u = k(t, x) such that
(A1) for any x0 ∈ Rn, the solution x(t) is uniformly
bounded on [0,∞),
(A2) the tracking error e(t) := x(t) − xd(t) converges
to zero as t→ ∞.

By using the tracking error variable e(t) and the new
input ũ := u − ur(t), we can obtain the following error
dynamics:

ė = f̃(t, e) + g̃(t, e)ũ, (6)

where

f̃(t, e) := f(e+ xd(t))− f(xd(t))

+ [g(e+ xd(t))− g(xd(t))]ur(t),
(7)

g̃(t, e) := g(e+ xd(t)). (8)

Note that e(t) = 0 is equivalent to x(t) = xd(t), and
hence, the trajectory tracking problem reduces to asymp-
totic stabilization of e = 0 of the time-varying error sys-
tem (6).

Next, we consider the robust tracking problem when
d ̸= 0. In this case, the error system is given by

ė = f̃(t, e) + g̃(t, e)ũ+ h̃(t, e)d, (9)

where

h̃(t, e) := h(e+ xd(t)). (10)

Just as the standard trajectory tracking corresponds to
asymptotic stabilization of the error system (6), the ro-
bust trajectory tracking considered here corresponds to
input-to-state stabilization of the error system (9) in the
following sense:

Definition 2 (Input-to-state stability). A state feedback
ũ = k̃(t, x) said to input-to-state stabilizes the origin of
system (9) if there exist β ∈ KL and χ ∈ K such that

∥e(t)∥ ≤ β(e(0), t) + χ

(
sup

0≤τ≤t
∥d(τ)∥

)
, ∀t ≥ 0.

(11)

To achieve robust trajectory tracking, i.e., input-to-
state stabilizes e = 0 of (9), the following input-to-state
stability tracking control Lyapunov function (ISS-TCLF)
plays an important role:

Definition 3 (ISS-TCLF). A C1 differentiable function
V : R × Rn → R is said to be an input-to-state stable
tracking control Lyapunov function (ISS-TCLF) for the
error system (9) if the followng conditions hold:
(B1) there exist positive definite proper functions V , V :
Rn → R such that

V (e) ≤ V (t, e) ≤ V (e), ∀t ≥ 0, ∀e ∈ Rn, (12)

(B2) there exist ρ ∈ K∞ and a positive-definite function
Q̃ : Rn → R such that

∥e∥ ≥ ρ(∥d∥)

⇒ inf
ũ∈Rm

(
∂V

∂t
+ Lf̃V + Lg̃V ũ+ Lh̃V d

)
< Q̃(e).

(13)

Based on the ISS-TCLF, we can input-to-state stabi-
lizes e = 0 of the error system (9) as follows:

Theorem 1. Let V (t, e) be an ISS-TCLF for the error
system (9) and let ρ ∈ K∞ the corresponding function
satosfying the condition (B2) of Definition 3. Then, the
following time-varying state feedback ũ = k̃(t, e) input-
to-state stabilizes e = 0 of the error system (9).

ũ = k̃(t, e) := −p(t, e)Lg̃V
T, (14)

p(t, e) :=


ω +

√
ω2 + ∥Lg̃V ∥4
∥Lg̃V ∥2

(Lg̃V ̸= 0)

0 (Lg̃V = 0)

, (15)

ω(t, e) :=
∂V

∂t
+ Lf̃V + ∥Lh̃V ∥ρ−1(∥e∥). (16)
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Remark 2 (Implementation of the controller (14)). It
should be mentioned that the state feedback (14) is given
for the error system (9). Hence, to apply this feedback to
the original system (4), the following input transforma-
tion is required:

u = k(t, x) := k̃(t, x− xd) + ur(t). (17)

3. PROBLEM FORMULATION
By using the rotation matrix R ∈ SO(3), the rigid-

body attitude dynamics is represented as follows:

Ṙ = RS(ω)

ω̇ = J−1(−ω × Jω) + J−1τ + J−1d,
(18)

where ω ∈ R3 is the angular velocity, J ∈ R3×3 the
symmetric positive-definite inertia matrix, τ ∈ R3 the
input torque, and d ∈ R3 the disturbance torque.

To consider the attitude tracking of system (18), we
introduce the following assumption:

Assumption 2. We suppose that the desired attitude tra-
jectory Rd : [0,∞) → SO(3) is generated by the follow-
ing system:

Ṙd = RdS(ωd), (19)

where ωd : [0,∞) → R3 is the correspondingC1 desired
angular velocity. We also suppose that both ωd and ω̇d

are bounded on [0,∞).

With the use of the error variables

R̄ = R⊤
d R, ω̄ = ω − ω̄d, ω̄d = R̄⊤ωd, (20)

it follows that the attitude error system is obtained as

˙̄R = R̄S(ω̄)

˙̄ω = J−1
[
Σ(ω̄, ω̄d)ω̄ − S(ω̄d)Jω̄d −R⊤ω̇d

]
+ J−1τ + J−1d,

(21)

where

Σ(ω̄, ω̄d) := S(Jω̄) + S(Jω̄d)− [S(ω̄d)J + JS(ω̄d)] .
(22)

We then transform the error system (21) by using unit
quaternions. Let qd ∈ S3 be the desired quaternion satis-
fyingRd = R(qd). The attitude tracking error, expressed
in terms of unit quaternions, is defined as follows:

q̄ := (r̄0 r̄
⊤)⊤ = q−1

d ⊗ q. (23)

Based on the discussions of [12-14], we finally obtain
the following error system:

˙̄q =
1

2

[
−r̄⊤

r̄0I + S(r̄)

]
ω̄

˙̄ω = J−1 [Σ(ω̄, ω̄d)ω̄ − τff (q̄, ω̄d, ω̇d)] + J−1(τ + d),

(24)

where τff is the feedforward torque defined as follows:

τff (q̄, ω̄d, ω̇d) := JR⊤(q̄) + S(ω̄d)Jω̄d. (25)

By using e := [r̄⊤ ω̄⊤]⊤ and ũ := τ − τff , the error
system (24) can be transformed into the form of (9) with

f̃(t, e) =


−1

2
r̄⊤ω̄

−1

2
[r̄0I + S(r̄)]ω̄

J−1Σ(ω̄, ω̄d)ω̄

 ,
g̃(t, e) = h̃(t, e) =

[
O4×3

J−1

]
.

(26)

The objective of this paper is to achieve robust
attitude tracking, i.e., input-to-state stabilizes e =
([−1, 0, 0, 0]⊤, 0) of the error system (24) based on the
ISS-TCLF.

4. ROBUST TRACKING CONTROLLER
DESIGN BASED ON ISS-TCLF

To apply the robust tracking controller, we design an
ISS-TCLF for the error system (24). The following theo-
rem is the first main result of this paper:

Theorem 2. The following function is an ISS-TCLF for
the error system (24):

V (q̄, ω̄) = 2α(r̄0 + 1) +
1

2
(ω̄ − Γr̄)⊤J(ω̄ − Γr̄), (27)

where α > 0 is a positive constant and Γ ∈ R3×3 a
constant positive definite symmetric matrix. Moreover,
any class K∞ function ρ satisfies the condition (B2) of
Definition 3.

Outline of the proof:
Here we give the outline of the proof of Theorem 2. As
discussed in [11], V (q̄, ω̄) is a TCLF when d = 0. Hence,
the condition (B1) of Definition 3 clearly holds. The con-
dition (B2) is proved by a similar discussion in the proof
of Theorem 2 of [10].

Based on (26) and (27), we can calculate Lf̃V , Lg̃V
and Lh̃V as follows:

Lf̃V = −αr̄⊤ω̄

+ (ω̄ − Γr̄)⊤
[
Σ(ω̄, ω̄d)−

1

2
JΓ(r̄0I + S(r̄))

]
ω̄,

Lg̃V = Lh̃V =
∂V

∂e
g̃(t, e) = (ω̄ − Γr̄)⊤. (28)

Finally, we can construct the robust tracking controller
by substituting (28) into (14) and designing the class K∞
function ρ−1(∥e∥).

5. SIMULATION STUDY
In this section, we confirm the effectiveness of the de-

signed robust tracking controller on numerical simula-
tions. The system and controller parameters are set to
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J = diag (3.0, 3.0, 3.0), α = 1, and Γ = I . We employ
the following function as ρ−1(∥e∥):

ρ−1(∥e∥) = β(|r̄0 + 1|+ ∥ω∥), (29)

where β is a positive constant gain, and we set β = 0.5
here.

In the following, for ease of understanding, we use the
ZYX-Euler angles (ϕ, θ, ψ)[rad] to give the desired and
initial attitudes. Note, however, that simulations are per-
formed based on unit quaternions. Let us consider the
following desired and initial attitudes:

ϕd(t)θd(t)
ψd(t)

 =


π

6
sin

(
t

2

)
−π
6
sin t

0

 ,
ϕ(0)θ(0)
ψ(0)

 =

π/3π/6
π/4

 . (30)

Moreover, the initial value of angular velocity is ω(0) =
[−π/9, π/6, −2π/9]⊤[rad/s].

In the first simulation, we consider the following dis-
turbance torque d1(t):

d1(t) =
[
sin(2t) −1.5 cos(2t) 0

]⊤
. (31)

The simulation results are shown in Fig. 1. According to
the figures, we can confirm that the trajectory tracking is
achieved, subject to the disturbance in this case.

To clarify the problem of the controller (14), we then
consider the following disturbance torque that contains
constant terms:

d2(t) =
[
sin(2t) + 1.5 −1.5 cos(2t)− 1.0 0

]⊤
.
(32)

Note that the difference between d1(t) and d2(t) is that
the latter contains the constant terms, and the former does
not. The simulation results with d2(t) are depicted in
Fig. 2. We can see that the effect of the disturbance is
not mitigated. As a consequence, the trajectory tracking
is not achieved.

These simulation results indicate that the controller
(14) is not robust to the constant disturbances.

6. EXTENSION TO ROBUST ADAPTIVE
TRACKING CONTROLLER

6.1. Controller design
To deal with the problem pointed out in Section 5, we

propose a robust adaptive tracking controller in this sec-
tion. The key idea here is to represent the disturbance
d(t) as

d(t) = dconst + d̃(t), (33)

where dconst is the constant term and d̃(t) the residual
time-varying term. To mitigate the effect of dconst, we
introduce the additional state variable d̂const, which is the
estimate of dconst. Based on the results of [9, 10, 14], we
propose the following robust adaptive tracking controller:

ũ = k̃(t, e) + d̂const, (34)
˙̂
dconst = ΛLg̃V

⊤, (35)
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(c) Input torque
Fig. 1 Simulation results of the robust controller (14)

with the disturbance d1(t)

where k̃(t, e) is the robust tracking controller designed
in Section 4 and Λ = diag (λ1, λ2, λ3), where each
λi > 0 (i = 1, 2, 3) is the adaptation gain for i-th element
of d̂const.

6.2. Simulation results
To confirm the effectiveness of the adaptive controller

(34)–(35), we perform a computer simulation. We set the
adaptive gain as Λ = diag (1, 1, 1). Other parameters
and simulation conditions are the same as those in Sec-
tion 5.

Simulation results with the disturbance d1(t) are
shown in Fig. 3. As can be seen in comparison with
Fig. 1, introducing the adaptive compensation term d̂const
does not deteriorate the control performance. Then we
show the simulation results with the disturbance d2(t) in
Fig. 4. In comparison with Fig. 2, we can confirm that

303



0 5 10 15 20 25 30

time [s]

-200

-150

-100

-50

0

50

100

150

200
A

tt
it

u
d
e 

er
ro

r 
[d

eg
]

(a) Attitude error

0 5 10 15 20 25 30

time [s]

-200

-150

-100

-50

0

50

100

150

200

A
n
g
u
la

r 
v
el

o
ci

ty
 e

rr
o
r 

[d
eg

/s
]

(b) Angular velocity error

0 5 10 15 20 25 30

time [s]

-10

-5

0

5

10

In
p
u
t 

to
rq

u
e 

[N
m

]

(c) Input torque
Fig. 2 Simulation results of the robust controller (14)

with the disturbance d2(t)

the trajectory tracking is achieved even under the distur-
bance d2(t). This indicates the effectiveness of the adap-
tive compensation of dconst.

7. CONCLUSIONS

In this paper, we have considered the robust trajectory
tracking problem of rigid body attitude. We first intro-
duced the ISS-TCLF for the attitude error system and
designed the robust trajectory tracking controller. Based
on numerical simulation results, we found that the de-
signed controller is not robust to disturbances containing
constant terms. To solve this problem, we extended the
controller to a robust adaptive tracking controller by in-
troducing the constant disturbance estimator. The effec-
tiveness of this adaptive controller is confirmed by the
numerical simulation.
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Fig. 3 Simulation results of the robust adaptive controller

(34)–(35) with the disturbance d1(t)

Finally, future directions include a theoretical analysis
of disturbance attenuation performance compared to non-
adaptive tracking controllers. In addition, the extension
to the global tracking controller is also a critical issue.
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Fig. 4 Simulation results of the robust adaptive controller

(34)–(35) with the disturbance d2(t)
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