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Abstract: In most cases, control systems are subject to uncertainties. Therefore, it is crucial to design robust controllers
against such uncertainties. One representative approach for this purpose is gain-scheduled control. Gain-scheduled con-
trol is a powerful, robust control method that can be designed when uncertainties that are measurable online, known as
scheduling parameters, exist. However, scheduling parameters are not always measurable online, so it is important to
relax the condition of their availability. To address this, a method that estimates the scheduling parameter by a disturbance
observer and the recursive least squares method was proposed. Nevertheless, a major drawback of the approach was that
the estimate could converge to zero for some numerical examples. To overcome this drawback, this paper proposes a
novel estimation method that combines a disturbance observer with an adaptive estimation mechanism. This paper also
shows the effectiveness of the proposed method through a numerical example.
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1. INTRODUCTION

Scheduling parameters are parameters that cannot be
determined in advance but can be measured online. When
such parameters are available, they enable a control strat-
egy that adjusts the control law according to the param-
eter’s value. This approach is known as gain-scheduled
control [1,2] and allows the controller to adapt its be-
havior based on operating conditions dynamically. For
example, in automotive engine control, real-time mea-
surements such as vehicle speed and engine rotational
speed can be used as scheduling parameters. By apply-
ing gain-scheduled control based on these variables, op-
timal fuel injection and ignition timing can be achieved
for various driving situations such as low-speed driving,
high-speed driving, acceleration, and deceleration. This
enables smooth operation and high efficiency. In con-
trast, when using fixed controllers that do not vary with
the scheduling parameters, the controller must be de-
signed to account for all possible operating conditions
in advance. As a result, the achievable control perfor-
mance tends to be conservative and suboptimal in many
situations. Therefore, gain-scheduled control is expected
to yield superior control performance compared to fixed
controllers, especially in systems with varying environ-
ments.

However, it is important to note that scheduling param-
eters are not always directly measurable in real-time. So
it is necessary to relax the conditions of its availability.
To address this limitation, several studies [3] have pro-
posed gain-scheduled control with parameter estimation,
where the scheduling parameter is estimated online and
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used to update the control law. This represents a promis-
ing approach to realizing more flexible and robust control
systems. In [4], the estimation method using the distur-
bance observer and the recursive least squares method has
been proposed. This method estimates the input and out-
put sides of signals of the scheduling parameter by the
disturbance observer, and then applies the recursive least
squares method. However, using the method in [4], the
estimated values converged to zero for some numerical
examples.

To address this issue, this paper proposed a method for
estimating scheduling parameters using a combination of
a disturbance observer and an adaptive estimation mecha-
nism. Similar to the method in [4], a disturbance observer
estimates the input and output signals of scheduling pa-
rameters, and the scheduling parameters are estimated by
applying an adaptive estimation mechanism to those vari-
ables. The effectiveness of the gain-scheduled control
based on the estimated values is confirmed by comparing
its control performance with that of the gain-scheduled
control using the actual scheduling parameters.
Notations : The identity matrix and the zero matrix are
denoted by I and O, respectively. In general, signals are
functions of time ¢t. However, for the sake of simplicity,
we do not explicitly describe the function ¢.

2. PROBLEM SETTINGS

A control algorithm using varying controllers accord-
ing to scheduling parameters is called a gain-scheduled
control. The block diagrams representing conventional
robust control and gain-scheduling control are shown
in Figs. 1 and 2. As shown in Fig. 1, the controller
is independent of the scheduling parameters in conven-
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Fig. 1 Block diagram of conventional robust control
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Fig. 2 Block diagram of gain-scheduled control

tional robust control, whereas the gain-scheduled con-
troller changes depending on the scheduling parameters
as shown in Fig. 2. The gain-scheduled controller is ex-
pected to achieve better performance than the conven-
tional fixed controller of robust control. In this paper,
we will consider a particular case where the scheduling
parameter 6(¢) is a scalar value and cannot be measured
online. Assume that the state space representation of the
generalized plant H(s) shown in Fig. 2 is given by the
following equations.

= Az + Bowg + Biw + Bau, (D
zo = Cox + Doowo + Dorw + Doau, 2
z=Ciz + Diowg + D11w + Disu, 3)
y = Cox + Dagwo + Da1w, 4

where z is the state variable, u is the control input, y is
the observed output, w is the reference input, and z is
the evaluated output. Furthermore, also assume that the
relation between the scheduling parameter 6(¢) and the
signals wq and zg is given by

wo = e(t)Z(). (5)
Note that v and y are the only known signals.

3. PROPOSED METHOD

This paper aims to estimate scheduling parameters us-
ing a combination of a disturbance observer and an adap-
tive estimation mechanism.
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Fig. 3 Block diagram with w(t) considered as a distur-
bance

Using a disturbance observer, the signals wqy and zg
can be estimated [4]. Next, the scheduling parameter
is estimated through an adaptive estimation mechanism
that utilizes the estimated values of wg and Zy. In this
process, the convergence rate of the estimated scheduling
parameter 0 can be modified appropriately by tuning the
design parameter, the forgetting factor \.

3.1. Estimation of wg and zg by disturbance observer
[4]

The disturbance observer is a system that estimates the
disturbances added to the nominal plant [5,6]. The dis-
turbance observer proposed in [5, 6] estimates the state of
the augmented system composed of the nominal plant and
disturbance-generating models. This paper regards the
output signal wy of the scheduling parameter block as a
disturbance and estimates it using a disturbance observer.
The block diagram is shown in Fig. 3. It is assumed that
the disturbance wy is generated by a linear dynamical sys-
tem, whose state-space representation is given by

Tq = Aqq, (6)
wo = Cyqxq, @)

where x4 is the state variable and A, and C); are the coef-
ficient matrices. In this paper, the disturbance is assumed
to be a constant signal, which implies that A; = O and
Cy = I. Based on this assumption, the state-space rep-
resentation of the augmented system, composed of the
given plant and the disturbance-generating model, is for-
mulated as follows.

T A ByCy 0] By

g O A |O O |7
20| = | Co DooCq | Dor Doz Wd
z C1 D1oCq | D11 Dya

Yy Cs
3

If this augmqnted system (8) is observable, the observer
gain matrix H = [H{" H3|" can be designed, and a dis-
turbance observer for the augmented system is obtained



as follows.

§=1[Cy DyCy] [i} , (10)

where T, Z4, y are estimates. With the estimated values &
and Z4, we can obtain the estimated values wq and Zy as
follows.

20 = Cot + DooCyia,
Wy = CyZy-

Y
(12)

Remark 1: From the PBH rank test [7], the condition
for the augmented system (8) to be observable is that the
matrix

A— ,uI Bng
0] Ag — pl (13)
CQ DZOCd

is the column full-rank for all the eigenvalues p of the
augmented system. Considering that A; = O, the col-
umn rank of the matrix shown in (13) cannot be larger
than the sum of the numbers of the state = and the mea-
surement output y. In other words, the estimation method
using disturbance observers proposed in this paper cannot
estimate the number of scheduling parameters beyond the
dimension of the measurement output .

3.2. Estimation of the scheduling parameter

In principle, the scheduling parameters can be esti-
mated by computing the ratio of the estimated values
derived from (5). However, direct division may not al-
ways yield accurate estimates due to the presence of out-
liers, the influence of noise, and the potential for division
by zero. In addition, the estimation method proposed in
[4] had a drawback. Because of the regularization fac-
tor, which prevents the zero division, the estimated value
converged to zero for some uncertain parameters. There-
fore, this paper estimates the estimate 6 of the scheduling
parameter ¢ by applying an adaptive estimation mecha-
nism [8]. The dynamics of @ is obtained as the following
differential equation.

0 = —T2(6" 20 — 1), (14)
where I' = I'T (= O) is a adaptive gain. The conver-
gence rate to the solution can be adjusted by tuning this
value. The estimated value 6 of the scheduling parameter
can be obtained by solving this differential equation.

However, there exists a significant issue. Specifi-
cally, adjusting the adaptive gain I' affects not only the
convergence rate but also the final value of the estima-
tion. As a result, the gain must be tuned through trial
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Fig. 4 Block diagram related to I'(¢) and 2

() | -1 ]
X = a(t)
20(0) - J Ls]

= Transpose
7o >

Wo(t)

Fig. 5 Estimation flow of scheduling parameter

and error based on simulation results during the design
phase, which is impractical for real-world applications.
To address this issue, the recursive weighted least squares
method is employed to dynamically determine the adap-
tive gain I'. Let the time-varying adaptive gain be T'(¢).
Then, the updating rule for I'(¢) can be given as the fol-
lowing differential equation.

I(t) = AT(t) — D(t) (20 2 + AeI)T(¢), (15)

where \ is a forgetting factor and ¢ is a regularization
factor. The block diagram of this differential equation is
shown in Fig. 4. As a result, the adaptive gain can be
automatically obtained without relying on trial-and-error
through simulation. Furthermore, the convergence rate
of the estimated value 6 can be adjusted by tuning the
forgetting factor A\. Based on the above, equations (14)
and (15) can be combined, and the estimation mechanism
can be expressed as follows.

0 = —T(t) 20(6" 20 — o). (16)
The block diagram of this mechanism is shown in Fig. 5.
This enables estimation of the scheduling parameter
without the estimate converging to zero, while allowing
the convergence rate to be adjusted solely through the de-
sign parameter.

4. NUMERICAL EXAMPLE

In this section, the effectiveness of the proposed
method is demonstrated through a numerical example.
First, it is verified that the scheduling parameter can be
accurately estimated using the proposed method, and the
result is compared with the estimation obtained by the
method proposed in [4]. Second, the effect of the for-
getting factor on the convergence rate is examined by
varying its value. Finally, we check the response to
the step input for two types of control: gain-scheduled
control with estimated scheduling parameters and gain-
scheduled control with actual scheduling parameters.

4.1. Problem setting

4.1.1. Controlled object
Let us consider the double cart system shown in Fig. 6
as a plant for this numerical example, where m1, msy are
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Fig. 6 Double cart system
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Fig. 7 Generalized plant for designing gain-scheduled
and fixed robust controllers

masses, k1, ko are spring constants, and ¢y, ¢o are damp-
ing constants. The p(¢), p2(t) represent the position of
each cart from its initial balanced position. The f(t) is
the force generated by the drive motor. The equation of
motion is given by

mapr = ka(p2 — p1) + c2(P2 — 1)
—kipr —cip1 + f,
mapa = ka2(p1 — p2) + c2(P1 — P2).

a7

The parameters used in the numerical experiments were
set as follows.

mi = 10, mo = 20,
k1 =10, ko =25,
cp =10, co = 20.

Among the physical parameters, suppose that there
is an uncertainty in the magnitude of mq, specifically,
that m, is additively perturbed by 6. This parameter
0 is treated as a scheduling parameter. In this case,
the values of the scheduling parameters are changed to
0 =0, £0.5, £1.

4.1.2. Gain-scheduled controller design

For this system, a two-degree-of-freedom (2-DOF)
servo controller is designed based on H, control theory.
The generalized plant used for the synthesis is shown in
Fig. 7. The transfer function from w;(t) to z1(t) char-
acterizes the tracking performance of the servo system
through the weighting function W(s) = %-5-/3 The
transfer function from wi(¢) to 29(t) is introduced to
evaluate and attenuate the magnitude of the control in-
put. Furthermore, the transfer function from ws(t) to
z1(t) is incorporated to prevent pole-zero cancelation be-
tween the plant and the controller. For this generalized
plant, the following weighting functions are set to design
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a gain-scheduled controller.
a = 0.95,
w,, = 0.1,

4.1.3. Settings for scheduling parameter estimation
The disturbance observer is designed to estimate the

scheduling parameter using the pole assignment method.
The desired pole placement is specified as

B=05,
Wq = 0.1.

{-2,-1,-0.5,—1.5, —2.75},
and the resulting observer gain is given by
[12.6731 3.75 2.2692 4.75 —165]T.

About the parameters on estimation, the forgetting fac-
tor A in the proposed method, which affects the conver-
gence time of the estimated value, is set to A = 2, 10.
And the regularization factor, which prevents I'(¢) from
going to infinity, is set to ¢ = 1 x 1073. The initial
value of I'(¢) is set to I'(0) = 1. For the previous method
[4], the time constant T for the first-order low-pass fil-
ter is set to 7' = 0.9, and the regularization factor ¢ as
e=1x10""%

4.2. Experimental results

4.2.1. Estimation of scheduling parameters

The results of the estimation of the scheduling param-
eters are shown in Figs. 8 to 10. Figures 8 and 9 show
the estimated value of the scheduling parameter using the
proposed method in this paper. Figure 10 shows the es-
timated value of the scheduling parameter using the pro-
posed method in [4]. Unlike in Fig. 10, it can be con-
firmed that the estimation does not converge to zero, and
a valid estimation is obtained. In addition, it is observed
that the convergence time to the estimated value varies
depending on the value of the forgetting factor A\. The
time responses of the adaptive gain I'(¢) with A = 2,10
are shown in Figs. 11 and 12.

4.2.2. Gain-scheduled control using estimated values

The input and output responses to the unit step input
for the gain-scheduled control with estimated values and
the gain-scheduled control with actual scheduling param-
eters are shown in Figs. 13 to 16.

Figures 13 and 14 show the output of the closed-loop
systems, and Figs. 15 and 16 show the control inputs of
the closed-loop systems, respectively. The signals with
the gain-scheduled controller with the estimated param-
eter are shown in Figs. 13 and 15. Figures. 14 and 16
show the signals with the gain-scheduled controller with
the actual scheduling parameter.

It is confirmed that gain-scheduled control can be
achieved using the estimated values. Furthermore, no sig-
nificant degradation in control performance is observed
compared to the case in which the actual scheduling pa-
rameters are available.
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Fig. 8 Estimated value of scheduling parameter with pro-
posed method (\ = 2)
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Fig. 9 Estimated value of scheduling parameter with pro-
posed method (A = 10)
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Fig. 10 Estimated value of scheduling parameter with the
previous method [4]

5. CONCLUSIONS

This paper proposes to estimate the scheduling param-
eters using a combination of a disturbance observer and
an adaptive estimation mechanism. The effectiveness of

526

1000

—_ =
— =05
800 | A
—d=-05
600 =g -
e
400 -
200+
0 L L L
0 5 10 15 20
time [sec]
Fig. 11 Time response of adaptive gain I'(¢) (A = 2)
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Fig. 12 Time response of adaptive gain I'(¢) (A = 10)

the proposed method is demonstrated through a numer-
ical example. Future work includes a theoretical analy-
sis of the extent to which control performance degrades
when using estimated scheduling parameters, as well as
an investigation into optimal gain-scheduled controller
design based on such estimates [9-12].
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