
1. INTRODUCTION 

Because of the remarkable progress of computer 

technology, the control system has in general been 

implemented digitally, and a variety of applications even 

the electric and electronic systems take advantage of 

digital implementation. Design of a digital controller 

should consider two kinds of the time domain, the 

continuous-time (CT) for the plant and discrete-time 

(DT) for the control system. There exist strong 

approaches for a unified treatment of the time domains 

under a preliminary determined sampling interval, such 

as the lifting technique [1] and variations of DT operators 

[2], [3]. However, digital redesign approaches are still 

demanded because the process of controller design can 

be completed in the CT domain through well-established 

designing techniques without consideration for the 

sampling interval. Also, digital redesign is aimed at 

reproducing the control performance of the underlying 

system precisely. This aspect provides an effective 

solution to the demand of digitalization of an existing 

system installing an analog controller without changing 

its control characteristics. 

Plant input mapping (PIM) method [4] is one of the 

digital redesign methods, and its discretization focuses on 

the plant input signal of a given CT feedback system 

rather than each system block. The plant input signal 

always includes the zeros (transmission zeros) exactly 

corresponding to the plant poles and the poles exactly 

corresponding to the closed loop pole [5]. The PIM 

method employs the matched-pole-zero (MPZ) model [6] 

for discretization of the plant input signal and determines 

the parameters of a prescribed digital controller to 

achieve the discretized plant input signal. This 

discretization process allows us to derive a digital form 

of the underlying feedback system with preserving its 

stability for any non-pathological sampling interval. 

Based on this remarkable advantage, feedback 

controllers for electric [7] and electronic [8] systems 

achieved stable digital implementation despite a 

comparatively large sampling interval. On the other hand, 

the PIM method was first applicable only to the single-

input single-output system described in the transfer 

function form. This was due to the absence of the MPZ 

model in the state space form, where the zeros cannot be 

dealt with explicitly like the poles. This issue has been 

solved, and some algorithms for the MPZ discretization 

in the state space have been presented [9], [10], [11], 

succeeding in the extension of the PIM discretization to 

the state space form [12]. However, there exists a 

condition for the closed-loop discretization that the 

feedback controller must have a direct term represented 

by a non-singular matrix; that is, the controller must be 

bi-proper. This condition disrupts the PIM discretization 

of a feedback system including, e.g., an integrator, a 

simple lowpass filter, etc, which are frequently used in 

practical applications. Although some solutions were 

discussed in our previous study [13], those approaches 

cannot ensure the stability because the closed loop poles 

of the PIM digital controller do not match exactly with 

those of the MPZ model of the underlying system. 

This paper proposes a modified PIM discretization 

algorithm applicable to a strictly proper system as well as 

the bi-proper system. The proposed algorithm employs a 

variation of the MPZ models called the mapping zero 

model, which considers only the characteristics of the 

zeros and does not those of the poles. The prescribed 

digital controller is first determined by the mapping zero 

model, and it is second modified to achieve the desired 

pole placement of the closed loop system. This process 

reorders one part of the conventional algorithm, where 

the parameters are first modified in the MPZ 

discretization algorithm, and then the digital controller is 

determined through parameter matching. Since the 

mapping algorithm is for a single block discretization, the 

reorder of the process brings an essential difference in 

that the parameter modification step can take the 

feedback structure into account. The effectiveness of the 

proposed algorithm is illustrated by an academic example. 

Also, an experiment on digital implementation of a 

current regulator for a five-phase stepping motor is 

carried out with a comparatively large sampling interval 

regarding the system response. 

2. PRELIMINARIES 

2.1 System descriptions 

 This paper deals with the CT and DT systems in the 

state space form, and all the systems are assumed to be 

minimal realization. The CT system is described by 
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where ( ), ( )u t y t   are the input and output signals, 

and the matrices have the corresponding size to them. 

The upper bar indicates that the signals and systems 

belong to the CT domain. The DT system is described by 

 
,

,

k k k

k k k

x Ax Bu

y Cx Du

 = +

= +
, (2) 

where the subscript k is a positive integer, which indicates 

the time with the sampling interval T as t = kT. The 

operator  is the delta operator [2], which is defined using 

the shift operator q and the sampling interval T by 

        
1q

T


−
=               (3) 

 The state variables and parameter matrices frequently 

have a subscript for indicating their belonging systems, 

for instance, xP for the plant and AC for the compensator. 

2.2 Discrete time models 

This paper deals with three kinds of the DT model for 

discretization of a CT system, namely the step-invariant 

model [14], the mapping zero model, and the MPZ model 

[10], [11], and this subsection presents a brief description 

of them. All the DT models suppose that the zero-order-

hold and sampler are employed as the D/A and A/D 

converter respectively, and all the initial condition is set 

to 0. 

The step-invariant model is derived from the 

underlying CT system by the following mapping law: 
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The step-invariant model can preserve the controllability 

and observability of the underlying system for any non-

pathological sampling interval [15]. 

When the direct term is described by a non-singular 

matrix, the mapping zero model is given by 
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The mapping zero model contains the transmission zeros 

mapped according to the same law as the poles of the 

step-invariant model, while the mapping law for the poles 

is different. Controllability and observability are 

preserved as well as the step-invariant model. Note that 

the non-singular direct term is not a mandatory condition 

to derive the mapping zero model (See [11]). 

The MPZ model is given by 
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where  = 1 , K is the internal state feedback gain 

to achieve the pole placements in accordance with the 

mapping rule, and W is the similarity transformation 

matrix for the canonical form. As indicated by this 

formulation, this model is obtained by modification of 

the pole-placement of the mapping zero model. The poles 

and transmission zeros of the underlying system are 

mapped into the DT domain by the same law, and the 

controllability and observability are preserved as well. 

2.3 Plant Input Mapping method 

The plant input mapping method is a global 

discretization technique and is aimed at preserving the 

characteristics of the underlying closed-loop system 

rather than a single system block. With reference to Fig. 

1, the discretization process is explained. 

Suppose that the underlying CT feedback system has 

already been designed to be minimal and stable, and the 

direct term of the compensator is described by a non-

singular matrix. Then, the plant and the feedback system 

are described by 
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and 
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where xp ∈
n and xc ∈

m denote the state vector of the 

plant and the compensator, respectively. 

To focus on the characteristics of the plant input signal, 

a virtual system called the plant input state equation 

(PISE) is defined. The PISE describes the relationship 

between the reference input signal and the plant input 

signal in a feedback loop, which is obtained by the state 

equation of the closed-loop system and output equation 

of the compensator as 
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According to the control zero principle [5], the 

transmission zeros of the PISE always eliminate the 

original poles of the plant. Also, the PISE obviously has 

the same poles as the whole feedback system. 

The PISE is then discretized by the MPZ model, which 

is described by 
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On the other hand, the prescribed form of the PIM digital 

controller has the PISE form given by 
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where the plant is discretized by the step-invariant model. 

The parameters of the DT compensator are to be 

determined together with the state feedback gain K1 and 

K2 to match the MPZ model of the CT PISE by 
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The constant gain  is determined by the closed-loop dc 

gain of the underlying CT system and the discretized 

system as follows: 

 1

DT CT  −=   (13) 

When the dc gain is singular due to the existence of the 

integrator pole, the unit matrix is available for . Finally, 

the DT observer is designed to be stable, where an 

arbitrary method is available.  

2.4 Problems of the PIM method 

While the PIM method can provide a digital form of 

the CT feedback controller with preserving its stability 

irrespective of the sampling interval, the discretization 

process supposes that the direct term of the compensator 

is represented by a non-singular matrix. That is, the 

compensator must be a bi-proper system. This 

assumption is essential in the parameter matching phase 

described by eqns. (10) and (11); when DC is singular, the 

parameters determined by eqn. (12) cannot match eqn. 

(11) with eqn. (10). This unmatching causes the deviation 

of the pole placement from the desired one, and then, the 

stability of the discretized controller is not guaranteed. 

To address this issue, adding a non-singular direct term 

to the underlying system was considered in [4]. This 

approach enables the parameter matching without 

affecting the control zero principle and the original pole 

placement of the underlying system. However, the 

number and placement of the zeros of the compensator 

are varied. The additional direct term should be 

determined in a manner of trial and error with taking the 

sampling interval into account, and thus, it is not an 

effective solution in the sense of the digital redesign. 

The following section presents a simple solution for 

stability preservation without affecting the zeros and 

irrespective of the direct term. 

 
Fig. 1 Overview of the PIM discretization. 

3. PROPOSED METHOD 

3.1 Approach for the proposed discretization process 

 The conventional PIM method uses the MPZ model to 

discretize the PISE of the underlying system. The present 

study considers to employ the mapping zero model. The 

controller parameters are predetermined from the 

mapping zero model and then modified to be the desired 

ones through internal state feedback. 

The essential difference between the conventional and 

proposed process is what is subject to the parameter 

modification. As explained in section 2.2, the 

discretization of the MPZ model includes the pole-

placement modification. Thus, The conventional PIM 

method modifies the reference model in advance of the 

parameter matching. On the other hand, in the proposed 

process, the prescribed digital feedback controller is 

modified after the parameter matching. This order is 

reasonable because while the parameter modification in 

the MPZ discretization is achieved in a single block 

manner, the proposed process can take the feedback 

structure into account. The following subsection explains 

the discretization algorithm with reference to Fig.2. 

3.2 Proposed discretization algorithm 

The proposed algorithm employs the mapping zero 

model to discretize the CT-PISE described by eqn. (9), 

which is given by  
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The parameters of the PIM digital controller, given by 

eqn. (11), are determined by matching with eqn. (14) as 
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The determined parameters compose the DT PISE, which 

is described by 
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This DT system is then modified to have the desired pole 

placements. Let the parameter matrices of eqn. (16) be 

denoted by ( ' , ' , ' , 'PISE PISE PISE PISEA B C D  ). When the CT 

feedback system is controllable, the state equation 

( ' , 'PISE PISEA B  ) is also controllable. Thus, there exists a 

state feedback gain which places the poles of the DT 

system arbitrary. The target placement is designated by 

the step-invariant model of the CT PISE. Let the state 

feedback gain achieving the placement for the DT system 

be denoted by 𝐾𝑓 = [𝐾𝑓,1 𝐾𝑓,2] . Then, the parameter 

matrices are modified by 
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Thus, the PIM digital controller is finally determined by  
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3.3 On the guaranteed stability 

The guaranteed stability of the PIM discretization are 

based on the following two propositions:  

(i) The PISE of the digital feedback system has the zeros 

(transmission zeros) which exactly correspond to the 

poles of the step invariant model of the plant. 

(ii) The PISE of the digital feedback system has the poles 

which are mapped into the DT domain in accordance 

with the same rule as the step invariant model. 

Since the proposition (ii) can hold simply when the PISE 

of the digital controller is controllable, we explain that 

the proposed method satisfies the proposition (i) even 

though the poles are modified after parameter matching.  

Proposition (i) can be confirmed by the controllability 

of the extended system obtained by connecting the PISE 

to the plant model in series. Let us define the state vector 

of the plant connected to the PISE as x’p,k for distinction 

from the state vector of the plant included in the PISE. 

Then, the extended system can be written by 
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Fig. 2 The proposed discretization process. 

The controllability of this extended system, notated by 

(AEXT, BEXT), is confirmed by Popov-Belevitch-Hautus 

(PBH) test [16]. Let a matrix ( ) [ ]EXT EXTQ I A B = −  be 

considered, where    . Applying the elementary 

matrix operations, 
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Obviously, the row rank of the matrix is reduced when 

the plant poles are substituted to . Therefore, the digital 

controller of the proposed PIM method includes the 

transmission zeros eliminating the plant poles, which 

holds irrespective of the state feedback gain Kf. 

 

4. NUMERICAL EXAMPLE 

4.1 Underlying system 

The proposed discretization algorithm is first verified 

through an academic example. Let us consider the 

discretization of the closed loop system consisting of the 

plant described by 

 

 

0 1 0
( ) ( ) ( ),

5 4 1

( ) 1 1 ( ),

p p

p

x t x t u t

y t x t

   
= +   

− −   

= −

 (21) 

and the compensator given by 
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The plant is a non-minimum phase system, and the 

compensator has no direct term. The resulting feedback 

system is stable, which is described by 
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4.2 Discretization by the proposed method 

When the sampling interval is selected as T = 0.01, the 

step-invariant model of the plant is obtained by 
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and the mapping zero model of the PISE is obtained by 
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and the parameters are temporarily mapped into the 

prescribed digital controller. The state feedback gain for 

parameter modification is determined by comparing the 
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poles of the DT PISE of the PIM controller with those of 

the step invariant model of the CT PISE, given by 

  0.04 0.06 0.04 0.03fK = − − . (26) 

Applying the modification, the proposed algorithm 

finally determines the digital controller as 
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The constant gain is determined by the dc gain of the 

underlying CT feedback loop and the discretized 

feedback loop, which is calculated as  = 0.988.  

Since an arbitrary observer can be employed, we adopt 

a Kalman filter for state estimation to simplify the 

observer design which may impose trial-and-error gain 

tuning on the designer. The covariances of the process 

noise Q and observation noise R are set to 0.001I and 

0.001, respectively. The initial state estimate xP,0 and 

estimation error covariance P0 are set to is set to 0 and 

the identity matrix, respectively. 

4.3 Result 

The unit step response of the obtained controller is 

examined through a simulation as shown in Fig. 3, where 

the response is compared with that of the underlying 

feedback controller and the conventional PIM digital 

controller with an additional non-singular direct term 

( 2CD =  is added before the discretization). The poles 

and zeros of the proposed PIM digital controller are 

placed in accordance with the certain mapping rule. The 

emulation performance in the transient response is 

obviously improved. 

5. EXPERIMENT 

5.1 Experimental setup 

The proposed PIM method is then evaluated through 

an experiment using a commercial stepping motor 

(PK566H-B: Orientalmotor Inc.) and driver (ADB5410: 

Melec Corporation). The current regulation module of 

the motor drive is a target for the discretization. Since the 

current regulator is an electronic system, it requires a 

smaller sampling interval for stable digital 

implementation than a mechanical system. A digital 

signal processor (sBOXII: MIS corporation) is used to 

execute the control algorithm and capture the driver 

signals. The rotation speed and angle can be recorded by 

an encoder (M-1S: Canon Inc.). 

The block diagram of the current regulator is shown in 

Fig. 5. The current regulator employs an integrator with 

high feedback gain. The plant consists of a part of drive 

circuit (PWM signal generator, driving capacitor) and 

motor coils, which has been modeled by a third order 

system described by 
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 (28) 

 

 
Fig. 3 Simulation result. 

 
Fig. 4 Stepping motor and analog driver. 

 
Fig. 5 Block diagram of the underlying regulator. 

 

Thus, the CT PISE is given by 
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 (29) 

5.2 Discretization 

To illustrate the advantage of the proposed PIM 

discretization algorithm, the sampling interval was set to 

200 s. This interval corresponded to almost twice of the 

system bandwidth, and we confirmed that a 

representative conventional technique, Tustin’s method, 

could not achieve stable digital implementation of the 

current regulator under this condition. 

The proposed PIM discretization algorithm gives the 

digital form of the underlying system as 

 

4 4

3 6 9

1 2

1.10 10 , 0.5, 10 , 0,

0 0 0 , 3.09 10 5.39 10 1.33 10 ,

C C C CA B C D

K K

−= −  = = =

 = =  −   

(30) 

The constant gain is determined by comparison of the dc 

gain of each feedback loop, calculated as  = 1.5. The 

Kalman filter is employed for state estimation as well as 

the previous example, whose design parameters are 

determined as Q = 0.001 I, R = 0.001, xP,0 = 0, and P0 = I. 
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Fig. 6 Experimental results: the driver signals. 

 

 

 
Fig. 7 Experimental results: the rotation data. 

 

5.3 Experimental result 

As the experimental condition, the pulse rate and 

number are set to 100 Hz and 100 respectively. In the 

experimental setup, one pulse corresponds to 0.72 deg, 

and therefore, the driving condition corresponds to the 

rotation from 0 to 72 deg in one second. 

The experimental results are shown in Figs. 6 and 7. 

The driver signals, the plant input and output, were 

captured for 2 sec, which include the hold and rotation 

modes. The motor starts rotating from 0.5 sec in this 

figure, and the speed and angle are as shown in Fig. 7. 

As indicated by these figures, the PIM digital 

controller is successfully implemented even with a large 

sampling interval, and the stepping motor rotates step by 

step without occurrence of loss-of-synchronism. On the 

other hand, as indicated by non-zero system matrix in eqn. 

(30), the discretized controller loses the integration 

property, which yields the regulation error in the plant 

output signal during rotation. This is a representative 

problem of global discretization; while the closed-loop 

poles are dealt with in an appropriate manner, each single 

block property cannot be ensured. Establishing an 

appropriate prescribed form and parameter modification 

algorithm for a servo system remains in future works. 

 

6. CONCLUSION 

This paper proposes a new plant-input-mapping 

discretization algorithm applicable to the system lacking 

a direct term of the compensator. Without respect to the 

direct term, the proposed algorithm can derive a digital 

form of the underlying feedback system with preserving 

its stability for any non-pathological sampling interval. 

The proposed method is verified through an academic 

example, and the stable digital implementation even with 

a comparatively low sampling rate is demonstrated using 

a commercial motor current regulator. Although the 

problem of the preservation of the integrator property 

remains in future works, the extension of the PIM method 

to a strictly proper feedback system is achieved. 
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