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Abstract: This paper proposes an adaptive cruise control (ACC) method for quadrotor UAVs that considers both the pre-
ceding and following quadrotors. The control method is an optimal control approach. It utilizes a quadratic programming
(QP) with a collision avoidance constraint formulated using a parameter-adaptive control barrier function. By considering
both the preceding and following quadrotors, cooperative distance control between quadrotors becomes possible, and the
feasibility of solving the QP is expected to be improved. In addition, by solving the optimization problem locally in each
quadrotor, distributed control is achieved. The present method is applied to ACC in linear quadrotor platooning, and its

effectiveness is demonstrated through a simulation.
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1. INTRODUCTION

Globally, more than one million people lose their lives
in traffic accidents each year, making it a serious issue.
Additionally, a growing shortage of taxi, bus, and truck
drivers is also a concern. As a solution to these issues,
research and development of autonomous driving and ad-
vanced driver-assistance systems (ADAS) are being ac-
tively pursued. One of the widely adopted ADAS tech-
nologies is adaptive cruise control (ACC). It is a system
that maintains a safe distance from the preceding vehicle
by controlling the speed. This capability not only im-
proves driver comfort and safety but also alleviates traffic
congestion and improves fuel efficiency. Currently, re-
search on ACC primarily focuses on cars, but we antici-
pate that ACC for quadrotors will become commonplace
in the future. Therefore, this study focuses on control
methods for quadrotor ACC.

Control methods for ACC based on model predic-
tive control (MPC) have been extensively studied [1, 2].
However, MPC is susceptible to model errors and dis-
turbances, and its computational burden increases signif-
icantly with the number of constraints [3]. Therefore,
a method utilizing control barrier functions (CBFs) [4]
has been proposed to mitigate computational complexity.
CBFs are used to transform system state constraints into
constraints on the control input and are often applied to
collision avoidance problems in multi-agent systems [5].
An ACC method has been proposed that combines CBFs
with control Lyapunov functions (CLFs) [6] and solves
a quadratic programming (QP) problem in real-time with
these constraints [7]. The CBF in [7] is applied to con-
straints with relative degree 1 with respect to the system
dynamics. The CBF for constraints with relative degree
2 has also been proposed [8]. Furthermore, an exponen-
tial CBF [9] and a high-order CBF (HOCBF) [10] have
been proposed to handle safety constraints with arbitrar-
ily high relative degrees. Additionally, an adaptive CBF
has been proposed to guarantee system safety under pa-
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rameter uncertainties [11]. However, these methods may
result in infeasible QPs when control bounds are time-
varying and the system dynamics are noisy. To address
this issue, a parameter-adaptive CBF (PACBF) has been
proposed [12]. The PACBF extends the HOCBF frame-
work by incorporating penalty functions that dynamically
adjust the barrier conditions, thereby improving feasibil-
ity under time-varying control bounds and uncertain dy-
namics.

In this paper, we propose a distributed control method
that enables cooperative inter-quadrotor distance mainte-
nance by considering both the preceding and following
quadrotors through collision avoidance constraints based
on the PACBF. Each quadrotor’s controller solves a QP
with these constraints. Furthermore, through simulations
in the context of ACC applied to quadrotor swarms in lin-
ear formation flight, we demonstrate the benefits of dis-
tance control that considers both the preceding and fol-
lowing quadrotors. The reason for using the PACBF is to
handle constraints with relative degree 2 with respect to
the quadrotor dynamics and to prevent conflicts with in-
put constraints, thereby improving the solvability of the
QP. In this method, the positions, velocities, and accelera-
tions of the preceding and following quadrotors are used.
These values are assumed to be obtained solely from the
sensors on each quadrotor, eliminating the need for com-
munication between quadrotors and enabling a fully dis-
tributed control approach.

Our main contributions are summarized as follows: (i)
we consider ACC not for commonly used car models, but
for quadrotors, and propose a new safety criterion that
includes a safety distance based on the relative velocity
and a constraint on excessive tilting of the quadrotor; (ii)
we present a new constraint that takes into account not
only the preceding quadrotor but also the following one,
unlike the traditional constraint that considers only the
preceding one; and (iii) we demonstrate the effectiveness
of the proposed method through numerical simulations,
particularly the behavior resulting from considering the
following quadrotor.



2. PLOBLEM SETTINGS

In this section, we introduce the dynamics of quadro-
tors and set control objectives.

2.1. Quadrotor Dynamics and x-axis Position Control

In this paper, we consider the platooning of n quadro-
tors along the x-axis. Therefore, we set the positions in
both the y-direction and z-direction to zero for simplic-
ity, focusing solely on the motion along the z-axis. ACC
in 3D space, including the y-axis and z-axis directions, is
left for future work.

As derived from [13], the translational dynamics of

quadrotor ¢, ¢ € {1,...,n} along the z-axis can be de-
scribed as
Zi = Ggrav tan 0;, (1)

where x; is the position along the z-axis expressed in the
world frame Yy, ggrav is gravity, and 6; is the pitch an-
gle around the y-axis, also expressed in X, as shown in
Fig. 1. In this figure, wy, denotes the angular velocity in
the pitch direction and F’ is the thrust generated by the
quadrotor, directed upward in the body-fixed frame ..
The thrust F' is used to compensate for gravity and to
control the position along the z-axis. Differentiating both
sides of Eq. (1) with respect to time yields:

_ YJgrav w
cos20; B>
which includes the control input wy, (= éi), the angu-
lar velocity. For simplicity, in this paper, we consider
Cig;;gi wp, as the control input and define it as ;. That is,
the control input of the quadrotor can be interpreted as the
jerk in the x-axis direction. In summary, the dynamics of

each quadrotor are given by the triple integrator:

2.2. Control Objective

In this paper, the dynamics of quadrotor ¢ are repre-
sented as follows:

’[Ji (t) = ai(t) + 0 uz(t) (2)
ai(t) 0 1

_——
qi(t) flai(t)  g(ai(t))

zp F

Fig. 1 Pitch angle and angular velocity of quadrotor.

Here, x;(t) is the position, v;(t) is the velocity, and a;(t)
is the acceleration of quadrotor ¢, and the control input
u;(t) is the jerk, all expressed in the world frame.

The goal of this work is to propose a distributed dis-
tance control method that considers the following quadro-
tor as well as the preceding one. In this paper, we con-
sider distance maintenance and platooning behavior of
quadrotors flying along a straight line. To achieve this,
a safe distance d > 0 from the preceding and following
quadrotors must be maintained, and the tilt of the quadro-
tor must be limited to avoid instability due to excessive
tilting. Under these conditions, we aim to fly as close as
possible to the desired speed v4 ; > 0 and to minimize the
jerk during flight. We first define “dangerous/safe inter-
quadrotor distance”.

Definition 1: Quadrotorsi—1 and i fori € {2,...,n}
are said to be at a dangerous inter-quadrotor distance if

Tio1 —; < T(UZ — 1)7;,1) + d,

with 7' > 0. Then, the quadrotors are said to maintain a
safe inter-quadrotor distance (see Fig. 2) if

xi,l(t) — xi(t) > T(’Ui<t) — ’Uifl(t» +d Vit >0. (3)

In conventional methods based on automobile mod-
els, the safe inter-quadrotor distance is typically either
constant or proportional to the speed of the own vehicle.
However, the safe distance actually depends on the rel-
ative velocity. For example, the required safe distance
differs significantly when the preceding vehicle is travel-
ing much faster than the own vehicle compared to when
it is traveling much slower. Therefore, we express the
safe inter-quadrotor distance using the relative velocity,
as shown in Eq. (3). This is based on the concept of time-
to-collision [14], where the T represents the remaining
time until a collision occurs, assuming that the relative
velocity between the two vehicles remains constant. A
disadvantage of using the relative velocity is that if the
preceding vehicle frequently changes speed, the own ve-
hicle will also repeatedly accelerate and decelerate in re-
sponse. In the case of automobiles, this leads to discom-
fort for the passengers. But when quadrotors do not carry
passengers, this does not become an issue.

Moreover, we define ‘“unstable/stable attitudes of
quadrotors”.

Definition 2: Quadrotor ¢ is said to be in an unstable
attitude if

0. < 6] .

i1 —x; > T(v; —vi—1) +d
:
1

Ti—1

Fig. 2 Safe inter-quadrotor distance.



Here, 6. > 0 is the maximum allowable pitch angle. On
the contrary, the quadrotors are said to maintain a stable
pitch angle if

0:(t)] < 6. Vi =0. “4)

In summary, the objectives and constraints of each
quadrotor are as follows:

Objective 1: To maintain the desired speed vq,;;
Objective 2: 'To minimize the jerk u;;
Constraint 1: To maintain the safe distance (3);

Constraint 2: To maintain the safe pitch angle (4).

3. CONTROL METHOD

We propose a control method based on the HOCBF,
PACBEF, and CLF, whose details are presented in the ap-
pendix. Definitions 3—5 and Facts 1 and 2, which are used
in this section, are also provided in the appendix.

3.1. Design of Collision Avoidance Constraints

In this section, we formulate collision avoidance con-
straints considering both the preceding and following
quadrotors using the PACBF, while taking into account
the quadrotor dynamics (2).

Based on Eq. (3), h;(qi—1(t),q:(t)), i € {2,...,n}
is defined as follows:

hi(qi-1(t),qi(t)) = zi—1(t) — xi(t)

= T(vi(t) —vi—1(t)) —d. (5)
‘We also define the safe set
Ci = {{di-1. @i} €R®> xR : h;(qi—1,q;) > 0},
i€{2,...,n}. (6)

Then, we define time-varying penalty functions
ppi(t) > 0,4 € {1,...,n— 1} and pr4(t) > 0,0 €
{2, . 771}, and let pz(t) = [pp,i—l(t) pfﬂ‘(t)}T, 1 €
{2,...,n}. Then we use a PACBF with m = 2, the rel-
ative degree of Eq. (5). We define ¢;(-), i € {2,...,n}
as

Vi(@io1(t), qi(t), pi(t) == hi(qi—1(t), qi(t))
+ (Pp,i—1(t) + pr,i (1) hi(@i—1(t), qi(t)).

We also define the auxiliary dynamics for py, ;(t), pr.(t)
according to Eq. (A.7), by adopting the simple form as
follows:

Pp,i(t) = vpi(t), Dri(t) = vei(t). @)

Based on Definition 4 and Fact 2, we obtain a condition
that must be satisfied to ensure collision avoidance, as
follows:

Vi(gi—1(t), qi(t), pi(t))
+ avpi(gi—1(t), qi(t), pi(t)) > 0, (8)

where @ > 0 is constant.
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Furthermore, the condition is distributed to the adja-
cent quadrotors ¢ — 1 and ¢, to obtain an individual con-
dition for each quadrotor. Based on the dynamics (2) and
(7), Eq. (8) is expressed as follows:

Tui—1(t) + vpio1(Hhi(qi-1(t), i (1)) + adi—1 (t)

— Tuit) + vi(t)hi(gi-1(2), 4i(1) — o (?)
+pp i1 (t)(@hi(gi-1(t), @i(t) + hi(gi1(1), qi(1)))
+ pei(8) (hi(qio1(t), @i(t)) + hi(qi-1(t), 4i(t)))
+ (14 aT)#1(t) — (1 + aT)ii(t) > 0. 9)

According to the approach in [5], Eq. (9) is distributed to
quadrotors ¢ — 1 and ¢ as follows:
Tui—1(t) + vp,i-1(t)hi(qi-1(t), qi(t)) + adi-1(t)
+ (1 +al)i;i-1(t) +pp,z 1(t)(ehi(gi-1(t), 4i(t))

i(qi—1(t),qi(t))) >0, (10)
— Tu(t) + vei(t)hi(qi-1(t), qi(t)) — odi(t)
— (1 +al)i;(t) + pri(t) (ahi(gi-1(t), gi(t))
+ hi(gi—1(t), @;(t))) > 0. (11)

In this way, the condition (8) can be distributed to each
quadrotor, enabling decentralized inter-quadrotor dis-
tance control. If the relative position, velocity, and ac-
celeration can be measured by the quadrotor itself, then
inter-quadrotor communication is not required.

In summary, the conditions that quadrotor ¢ must sat-
isfy to avoid collisions with the preceding and following
quadrotors are given by

—Tu;(t) +vei(t)hi(qi-1(t),qi(t)) — (1 + 1)
—ai;(t) + pr,i(t) (@hi(gi-1(t), qi(t))
+ hi(gi—1(t), gi(t))) > 0, (12)

Tui(t) + vpi(0)hiv1(qi(t), qiv1(t) + (1 + aT)i4(t)
+ adi(t) + pp,i(t) (@hiv1(qi(t), gita(t))
+ hiv1(qi(t), qi+1(t) > 0. (13)

Eq. (12) serves as the constraint for collision avoidance
with quadrotor ¢ — 1, while Eq. (13) serves as the con-
straint for collision avoidance with quadrotor ¢ 4+ 1. Note
that the first quadrotor (¢ = 1) and the last quadrotor
(i = n) are subject to only one of these constraints, as
they have no preceding or following quadrotor, respec-
tively.

Then, we have the following result:

Theorem 1: Suppose the initial states satisfy
{qi-1(0),q;(0)} € C;, i € {2,...,n}. Then, any
Lipschitz continuous controllers w;_1(¢) and u;(t) that
satisfy Egs. (10) and (11), respectively, will render the
set C; forward invariant for i € {2,...,n}.

Proof: Based on Fact 2, if the condition (8) is sat-
isfied, ¥;(qi-1(?), qi(t), pi(t)) = 0 V& > 0 is guar-
anteed. Since the relative degree of h;(q;—1(t), qi(t))
with respect to the dynamics (2) is 2, h;(q;—1(t), gi(t))
does not include u;_1(t) nor w;(t). Therefore, as shown

i(t)



in Eq. (9), the condition for collision avoidance can be
represented as a sum of terms involving the system in-
puts u;—1(t), vpi—1(t), u;(t), and v¢;(t), without any
product terms between the inputs. This structure al-
lows the condition (9) to be divided between quadro-
tors ¢ — 1 and ¢ as Eqgs. (10) and (11). Moreover,
the satisfaction of Eq. (8) for all ¢ > 0 guarantees
¥i(qi-1(t),qi(t), pi(t)) > 0,ie. hi(gi-1(t), qi(t)) +
(pp7i_1(t) +pf7i(t))hi(qi_1(t),qi(t)) > 0Vt > 0. This
means h;(g;—1(t),qi(t)) > 0 ¥Vt > 0. The same can
be applied to h;+1(qi(t),qi+1(t)). Thus the safe inter-
quadrotor distances between the preceding and following
quadrotors are maintained. |

3.2. Design of Other Constraints

Along with Constraint 1, we formulate the constraints
to achieve Objective 1, Constraint 2, and those related to
the penalty function required for the use of the PACBF.
Velocity Stabilization: To achieve Objective 1, the CLF
is used to stabilize the velocity. We define a CLF
V(ai(t)) == (1/2)(ai(t) — aa,i(t))?, where aq;(t) =
kp(va: — vi(t)) — kaai(t), with k, > 0 and kq > 0.
From Definition 5, the velocity will tend to be stabilized
at the desired value vq ; if any control input u; (t) satisfies

’Cfv(ql(t)) + ’Cgv(ql(t))uz(t) + EV(QZ(t)) S 5acc,i(t)
Ve > 0. (14)

Here, Jacc,i(t) > 0is a relaxation factor to ensure consis-
tency with other constraints and € > 0.

Pitch Angle Limitation: To satisfy Constraint 2, an
HOCBEF of relative degree 2 is used. From Eq. (1), to
satisfy Eq. (4), the acceleration a; (t) must satisfy

—gtanf. < a;(t) < gtan6. Vi > 0.

Let hg1(q;(t)) := gtan . —a;(t), hea(qi(t)) := a;(t) +
gtanf., and choose ai(hg1(qi(t))) = aihei(qi(t)),
a1(hg2(qi(t))) = aihga(qi(t)) in Definition 3, where
a1 > 0. Then, the pitch angle is kept within the restricted
range if any control input u;(¢) satisfies

Lhe1(qi(t)) + Lgho1(qi(t))ui(t) + arher(qi(t)) > 0,
(15)

i(t) + arhga(qi(t)) > 0.
(16)

Lho2(qi(t)) + Lgho2(qi(t))u

Penalty Function Limitation: To guarantee p¢ ;(t) > 0
and p, ;(t) > 0in Egs. (12) and (13), we regard py ;(¢)
and py, ;(t) as CBFs. We choose class K functions as
ap(pf,i (t)) = appf,i(t) and oy (pp,i(t)) = QpPpi (t)7
where a;, > 0. Given the dynamics of pr ;(t) and pp ;(t)
in Eq. (7), the control inputs v ;(t) and v}, ;(t) must sat-
isfy

vt,i(t) + appri(t)
Vp,i(t) + appp,i(t)

with Pt (0) > 0 and pp,i(O) > 0.
Penalty Function Stabilization: To stabilize p ;(¢) and
Pp,i(t) to their desired values prq and p,q, CLFs are

20, 7)
>0

(18)
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used. We define Vi(pe;(t)) = (pri(t) — pra)? and

Vo (Pp.i(t)) := (Pp.i(t) — ppa)®. pr.i(t) and pp;(t) will
tend to be stabilized at the desired values if any control
inputs vy ;(t) and v, ;(t) satisfy

2(pr,i(t) — pra)vei(t) +eVi(pei(t)) < ori(t), (19)
2(pp,i(t) — ppa)vp,i(t) + €Vp(pp,i(t)) < dpi(t). (20)

Here, d,;(t) > 0 and d,, ;(¢) > O are relaxation factors to
ensure consistency with other constraints.

3.3. Controller

To achieve Objective 2, the controller of each quadro-
tor should minimize its control input. Additionally, ac-
cording to the approach in [12], the control inputs v¢ ; (%)
and v}, ;(t) in Eq. (7) also need to be minimized. Further-
more, dacc;(t) in Eq. (14), along with ds ;(¢) in Eq. (19)
and 6, ;(¢) in Eq. (20) are subject to minimization as well.
Therefore, the cost function to be minimized is

Te
0 /O (Jus(8)] + wrea(t) + wrpa(t)

+ T(Sf%i(t) + rég’i(t) + paCC(S.iCC,i(t)) dt.

Here, w > 0, 7 > 0, and pacc > 0. We note that v¢ ; (%)
and d¢ ;(t) are excluded in the case of the first quadrotor
(i = 1), while v, ;(¢) and 6, ;(¢) are excluded in the case
of the last quadrotor (z = n).

Finally, we summarize the previous discussion and
formulate the QP. To achieve ACC, each quadrotor must
satisfy multiple constraints as described in Sections 3.1
and 3.2, including Constraints I and 2, while pursuing
the objectives of maintaining the desired speed (Objec-
tive 1) and minimizing the jerk input u;(t) (Objective 2).

Thus the QP to be solved is

1
u}(t) = argmin JUi Tt Hiui(t) + Flu(t)
u;(t)

(12) - (20), i € {2,...,n— 1}

s.t. (13) - (16), (18), (20), i
(12), 14 -(17),(19), i=
2 0 0 0 0 0
0 2pc 0 0 0 O
0O 0 0 0 0 0
Hi=1g o 0 20 0 0]
0 0 0 0 0 0
0O 0 0 0 0 2r
0 6acc,i(t)
F= Y w = || e -1y
1 O b (3 6p,z(t) 9 9 b
w ve i(t)
0 S¢.i(t)
2 0 0 0 0
|0 2P 00 |0
Hi=\og o o o Fi=|w| i=bn
0 0 0 2r 0



uy (1) U (t)
it = | o=
( ) 6f,n (t)

Since each quadrotor solves its own optimization prob-
lem based solely on its own state variables, as well as the
relative distance, velocity, and acceleration with respect
to its neighboring quadrotors, it can independently de-
termine the control input. This approach eliminates the
need for communication between quadrotors, enabling a
fully distributed control strategy. Furthermore, since the
PACBEF is used for collision avoidance constraints, con-
flicts with input constraints can be prevented, which is
expected to improve the feasibility of the QP.

4. SIMUMLATION RESULTS

Through the simulation of a five-quadrotors pla-
toon, we confirm that the inter-quadrotor distance con-
trol which considers both the preceding and following
quadrotors is achieved. The QPs are solved using MAT-
LAB’s quadprog command, and the dynamics are inte-
grated using ode45. The initial positions of the quadro-
tors are x1(0) = 170 [m], z2(0) = 160 [m], z3(0) =
130 [m], £4(0) =80 [m], and 25(0) =0 [m]. Additionally,
the initial velocities are v1 (0) =5 [m/s], ’1}2(0) = 6[m/s],
v3(0) = 8 [m/s], v4(0) =10 [m/s], and v5(0)=12 [m/s],
the desired velocities are vq,1 = 5 [m/s], va,2 = 8 [m/s],
va,3 = 10[m/s], va,4 = 12[m/s], and vq 5 = 14 [m/s],
and the initial accelerations are aj.5(0) = 0[m/s?].
Therefore, the initial pitch angles are 6;,.5(0) = 0 [rad)].

Furthermore, the initial values of the penalty functions
are pp;(0) = p¢;(0) = 0.5 Vi € {1,...,5}, and their
desired values are p,q = pgg = 0.7. The other simulation
parameters are set as follows: the maximum allowable
pitch angle 6, = 0.2 [rad], the safe distance d = 2.0 [m],
T=20,a=0010 =1, a, =1, = 10, pacc =
e 12, r =05 w=2e"12 kp = 30, and kq = 70.

The simulation results are shown in Fig. 3. Figs. 3(a)—
(d) illustrate the time responses of the velocities, acceler-
ations, pitch angles, and jerk inputs, respectively. By ob-
serving these figures along with Fig. 3(e), which shows
the CBF h;(q;—1,qi(t)), it can be seen that as the inter-
quadrotor distance decreases, the following quadrotor de-
celerates while the preceding quadrotor accelerates. The
ability to accelerate for collision avoidance is due to the
CBF being allowed to converge with a certain margin
(hi(qi-1,q:) # 0). This ensures that even with accel-
eration, the condition h;(q;—1,q;) > 0 is maintained.
This approach helps maintain the inter-quadrotor distance
above a safe threshold. Therefore, it can be concluded
that the quadrotors cooperatively regulate their spacing.
Furthermore, Fig. 3(f) presents the time response of the
penalty function. From this figure and Fig. 3(b), it is
shown that by adjusting the penalty function and dynami-
cally adapting the barrier condition when the acceleration
changes, the occurrence of infeasibility in the QP prob-
lem is prevented, thereby enabling inter-quadrotor dis-
tance control.
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5. CONCLUSION

This paper presented a distributed ACC method for
quadrotors that considers both the preceding and follow-
ing vehicles. It demonstrates that by solving an optimiza-
tion problem with collision avoidance constraints that
take both the preceding and following vehicles into ac-
count, each quadrotor can appropriately switch between
acceleration and deceleration depending on the situation,
thus achieving cooperative cruise control. Unlike tra-
ditional methods that consider only the preceding vehi-
cle, the proposed method allows acceleration for collision
avoidance—a feature not previously possible.

The future directions of this work are the following: (i)
investigating the potential for oscillatory behavior, such
as repeated acceleration and deceleration, resulting from
the increased degree of freedom in acceleration, and ex-
ploring possible solutions to mitigate such effects; (ii)
demonstrating the effectiveness of the method in real-
world scenarios through experiments using quadrotors;
and (iii) extending the quadrotor ACC to 3D space, in-
cluding the y-axis and z-axis directions.
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APPENDIX

We explain the HOCBF [10] and the PACBF [12] nec-
essary for deriving collision avoidance constraints. In this
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section, we consider the following affine system:

q= fo(q) =+ go(‘])u' (A.1)
In this formulation, ¢ € R"s, f, : R™ — R™, and
go : R — R™a*™u are locally Lipschitz, and u € U C
R™, U denotes the control constraint set defined as

U = {u S Rﬂu ¢ Umin S u S umax}7

With Upin, Umax € R™+ are the lower and upper bounds
of the control input, respectively.

To begin with, we introduce the HOCBF to handle
constraints with a relative degree greater than one. In
this paper, since function A is used to define a constraint
h(q) > 0, we will refer to the relative degree of h as the
relative degree of the constraint.

For a constraint A(q) > 0 with relative degree m, h :
R™ — R, and ¥o(q) := h(q), we define a sequence of
functions ¢; : R"™ — R, j € {1,...,m}as

¥i(@) = ¥j-1(q) + (v -1(q)), (A2)
where o (-) denotes a (m— j)th-order differentiable class
IC function. Furthermore, we define a sequence of sets
Cj, j € {1,...,m} associated with Eq. (A.2) as
Cj={geR™ :¢;_1(q) > 0}. (A.3)

The HOCBF is defined as follows:

Definition 3 (HOCBF [10]): A function & : R"e — R
is said to be an HOCBF of relative degree m for system
(A.1) if there exist (m — j)th-order differentiable class K
functions «;, j € {1,...,m — 1} and class K function



a,y, such that

sup (E?Z h(q) +
uelU

(Lo, L7 W(a))u + S(h(q))

for all ¢ € CiN,...,NC,,. Here, E;{z and L, are the
Lie derivatives along f, (g,) m (one) times, and

Z (Om—j 0 Pm—j-1)(q),

where ‘o’ denotes the composition of functions. More-
over, h(q) is such that £, E;’z_lh(q) # 0 on the bound-
ary of the set C1N, ..., NC,.

Then, the following fact holds:

Fact 1 ([10]): Given an HOCBF h(q) from Defini-
tion 3 with the associated sets C1,...,C,, defined by
Eq. (A.3), if g(0) € C1N,...,NC,,, then any Lipschitz
continuous controller w(t) that satisfies Eq. (A.4) for all
t > 0 renders C1N,...,NC,, forward invariant for sys-
tem (A.1).

Subsequently, we introduce the PACBF. For a con-
straint A(g) > 0 with relative degree m, h : R" — R,
and ¢o(q) := h(q), we define a time-varying penalty
function p;(t) > 0,7 € {1,...,m} and let p(t) :=
[p1(t) ... pm(t)]T. We also define the sequence of func-
tions, in the same way as Eq. (A.2), as follows:

do(q) + p1(t)an (vo(q)),

= ¥j-1(a, p(t)) + p(D) e (¥-1(a, (1)),
je{2,...,m}. (A5)

Here, (), j € {1,...,m—1}is a (m — j)th-order dif-
ferentiable class /C function, and «;(+) is a class /C func-
tion.

Furthermore, we define a sequence of sets Cj, j €
{1,...,m} associated with Eq. (A.5) as follows:

01 = {q c R wo(q) > 0},
Cj:={(q,p(t)) € R"* x R™ :9;_1(q,p(t)) > 0},
jef2,...,m}. (A6)

Based on Definition 3 and Fact 1, it is neces-
sary that p;(¢)>0 Vj € {1,...,m — 1}. There-
fore, we define each p;(t) to be an HOCBF and in-
troduce auxiliary dynamics (for details, refer to [11]).
As state variables for the auxiliary dynamics, define
mi(t) = [mj1(8) my2(t) - Tim—y()]T €R™T, j €
{1,...,m—2},where m; ;,(t) e R, k € {1,...,m—j}.
In addition, we define 7,,,_1(t) = ppm—1(f) € R, which
is differentiable of the first order. Finaly, we define
input-output linearizable auxiliary dynamics for each p;
through the auxiliary state 7; as follows:

’fl’j :Fj(ﬂj)+Gj(7Tj)l/j, j € {1,...,m
Yj = Dy-

~1}, (A7)

Here, y; denotes the output, F} : R™—J — R™J |
G; : Rm77 — R™7J, and v; € R denotes the control
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input for the auxiliary dynamics (A.7). The exact forms
of F; and G are used to guarantee the nonnegativity of
Dj, so they do not have a significant impact on the system
performance. For simplicity, linear forms are typically
adopted [11].

We define v 1 ... Um—1]T, where v;, j €
{1,...,m — 1} are the control inputs of the auxiliary dy-
namics (A.7). Since p; is an HOCBF with relative degree
m — j for dynamics (A.7), based on Eq. (A.4), we define
a constraint set Uepe forv Vj € {1,...,m — 1} as

Upt = {v e R™ 1 E?%ﬁjpj + (Lg, E%ij*lpj)uj
+5(p;) + m—j (¥j,m—j-1(pj)) = 0},

where 1 ,—;j—1(-) is defined similarly to Eq. (A.2)

The PACBF is defined as follows:

Definition 4 (PACBF [12]): Let C;, j € {1,...,m}
be defined by Eq. (A.6), ¥;(q,p), j € {1,...,m} be
defined by Eq. (A.5), and the auxiliary dynamics be de-
fined by Eq. (A.7). A function h : R™ — R is said
to be a PACBF of relative degree m for system (A.1) if
each p;, j € {1,...,m — 1} is an HOCBF with rela-
tive degree m — j for the auxiliary dynamics (A.7), and
there exist (m — j)th-order differentiable class K func-

tions v, j € {1,...,m — 1}, and a class K function a,,,
such that
sup (L7 h(q) + (Ly, L7 'h(q))u+ R(h(q),p)
ueU,veUcpt
m—1
+ D (LR )i -1) + Pt (1)
j=1

m—1
+ 37 @) (L, L py)wy) 2 0, (AB)
7j=1

forall g € Cy, (gq,p) € CoN,...,NC,,, and all p,,, >
0. In Eq. (A.8), R(h(q),p) denotes the remaining Lie
derivative terms of h(q) (or p) along f, (or F;) with de-
gree less than m (or m — j7), similarly to Eq. (A.4).

Then, the following fact holds:

Fact 2 ([12]): Given a PACBF h(q) from Defi-
nition 4 with the associated sets Ci,Cs,...,C,, de-
fined by Eq. (A.6), if ¢(0) € C; and (g(0),p(0)) €
CoN,...,NC,y,, then any Lipschitz continuous con-
trollers u(¢) and v(t) that satisfy Eq. (A.8) for all ¢ > 0
renders the set C forward invariant for system (A.1) and
Cy N --- N Cyy, forward invariant for systems (A.1) and
(A.7), respectively.

Finally, we introduce the CLF for stabilizing the ve-
locity.

Definition 5 (CLF [6]): A continuously differentiable
function V' : R™ — R is an exponentially stabilizing
CLF for system (A.1) if there exist constants ¢; > 0, co >
0,c3 > 0 such that for Vg € R", ¢1|q||? < V(q) <

c2q?,

Inf (Ly, V(@) + Lo, V(@)u +csV(q)) < 0.



